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ABSTRACT
Nonnegative Matrix Factorization (NMF) is an efficient technique to approximate a large
matrix containing only nonnegative elements as a product of two nonnegative matrices
of significantly smaller size. The guaranteed nonnegativity of the factors is a distinctive
property that other widely used matrix factorization methods do not have.

Matrices can also be seen as second-order tensors. For some problems, it is necessary
to process tensors of third or higher order. For this purpose, NMF can be generalized to
Nonnegative Tensor Factorization (NTF). NMF and NTF are used in various application
areas, for example in document classification and multi-way data analysis.

The aim of this report is to give an overview over some algorithms to compute Nonneg-
ative Tensor Factorizations, including two multiplicative algorithm based on the Alpha-
divergence and the Beta-divergence, respectively, two Hierarchical Alternating Least
Squares algorithms and a Block Principal Pivoting algorithm utilizing matricization.

KEY WORDS
High Performance Computing, Nonnegative Tensor Factorization, Nonnegative Matrix
Factorization

1 Introduction

A characteristic property of modern society is the increasing need to process large
amounts of data. One important class of data is represented by nonnegative matri-
ces and tensors, which occur in many application areas. These are often considerably
large, which makes their processing and evaluation difficult and time-consuming.
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Nonnegative Matrix Factorization, (abbreviated as NMF or NNMF), is a technique to
approximate a nonnegative matrix as a product of two nonnegative matrices. The two
resulting matrices are usually smaller than the original matrix and therefore easier to
handle and process. In the last decade, NMF has become quite popular and has been
applied to a wide variety of practical problems.

The idea of such a factorization was published in 1994 under the name “Positive
Matrix Factorization” [21]. In 1999, an article in Nature [14] about Nonnegative Matrix
Factorization caught the attention of a wide audience. Several papers were written
about NMF since then, discussing its properties, algorithms, modifications and often also
possible applications. Some of the various areas where Nonnegative Matrix Factorization
was successfully applied are text mining [23] [24] [1], classification of documents [2] and
emails [10], clustering [28] [18], spectral data analysis [11] [22] [1], face recognition [29],
distance estimation in networks [19], the analysis of EEG data [16], separation of sound
sources [27], music transcription [25] [26], computational biology, for example molecular
pattern discovery and class comparison and prediction [3] [8] [7] and neuroscience [6].

In contrast to other methods such as singular value decomposition (SVD) or principal
component analysis (PCA), NMF has the distinguishing property that the factors are
guaranteed to be nonnegative, which allows to view the factorization as an additive
combination of features.

2 The NMF Problem

An informal description of the NMF problem is: Given a nonnegative matrix Y of size
I × T , find two nonnegative matrices A (size I × J) and X (size J × T ) such that their
product AX approximates Y. Figure 1 illustrates the NMF problem for I = 7, T = 9
and J = 3.
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Figure 1: Illustration of the NMF problem

A matrix is called nonnegative if all its elements are ≥ 0. In practical cases, the chosen
J is usually much smaller than I and T . It should be noted that, in general, it is not
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possible to find A and X such that AX = Y. Hence, NMF is “only” an approximation,
for this reason it is sometimes called Approximative Nonnegative Matrix Factorization
or Nonnegative Matrix Approximation. This is sometimes expressed as Y = AX + E,
where E is a matrix of size I × T that represents the approximation error. Thus, AX
can be seen as a compressed representation of Y, with a rank of j or less.

Formally, NMF can be defined as [20]:

Definition (NMF). Given a nonnegative matrix Y ∈ RI×T and a positive integer J ,
find nonnegative matrices A ∈ RI×J and X ∈ RJ×T that minimize the functional

f(A,X) =
1

2
||Y −AX||2F .

In [20], J < min{I, T} is explicitly required, this is not strictly necessary, but true in
almost all practical cases. For an I × T matrix M, ||M||F is the Frobenius norm of M,
defined as

||M||F :=

√√√√
I∑

i=1

T∑

t=1

m2
i,t

where mi,t denotes the element of M with row index i and column index t. Therefore,
f(A,X) is the square of the Euclidean distance between Y and AX with an additional
factor 1

2
. The problem is convex in A and in X separately, but not in both simultaneously

[9].
We note that it is also possible to use other measures to express the distance between

Y and AX, for example the Kullback-Leibler divergence [15], Csiszár’s divergences [5]
or Alpha- and Beta-divergences [6]. Different measures yield different NMF algorithms,
or at least different update steps for the algorithms.

Every column of A can be interpreted as a basis feature of size I. In total, A contains
J basis features. The multiplication of A with the nonnegative matrix X yields a
nonnegative matrix AX, where every column of AX is an additive (or non-subtractive)
combination of weighted basis features (columns of A). The famous paper on NMF in
Nature [14] uses NMF to represent faces as additive combinations of local parts such as
eyes, nose, mouth, etc. However, it was shown in [17] that NMF does not always find
such localized features.
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3 The NTF Problem

Matrices are second-order tensors. For some applications, for example in multi-way data
analysis, the input data are tensors of third or higher order. Therefore, it is desirable to
generalize Nonnegative Matrix Factorization to Nonnegative Tensor Factorization.

3.1 Notation

For the formulation of the NTF problem and the algorithms, the following symbols are
used:
◦ outer product
� Khatri-Rao product
~ Hadamard product
� element-wise division
×n mode-n product of tensor and matrix
A�−n = A(N) � . . .�A(n+1) �A(n−1) � . . .�A(1)

3.2 Problem definition

The Nonnegative Tensor Factorization problem can be formulated as nonnegative canon-
ical decomposition / parallel factor decomposition (CANDECOMP / PARAFAC) as
follows (after [6]):

Definition (NTF). Given an N-th order tensor Y ∈ RI1×I2×...×IN and a positive integer
J , factorize Y into a set of N nonnegative component matrices

A(n) = [a
(n)
1 , a

(n)
2 , . . . , a

(n)
J ] ∈ RIn×J , (n = 1, 2, . . . , N) representing the common (loading)

factors, that is,

Y = Ŷ + E =
J∑

j=1

a
(1)
j ◦ a

(2)
j ◦ . . . ◦ a

(N)
j + E =

I×1 A(1) ×2 A(2) · · · ×N A(N) + E = JA(1),A(2), . . . ,A(N)K + E

with ||a(n)
j ||2 = 1 for n = 1, 2, . . . N − 1 and j = 1, 2, . . . , J .

The tensor E is the approximation error. Figure 2 illustrates the decomposition for a
third-order tensor.
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Figure 2: The NTF model for a third-order tensor (from [6])

4 Alpha NTF

The first algorithm presented here uses multiplicative updates based on the Alpha-
divergence [6]. Multiplicative algorithms are relatively simple, but can be slower in
comparison to enhanced HALS algorithms.

Algorithm 1: Alpha NTF (from [6])

Input: Y: input data of size I1 × I2 × . . .× IN , J : number of basis components
Output: N component matrices A(n) ∈ RIn×J

+

1 begin
2 ALS or random initialization for all factors A(n);

3 A
(n)
l = A(n)diag{1TA(n)}−1 for ∀n; /* normalize to unit length */

4 A(n) = A
(n)
l for ∀n 6= N ;

5 repeat

6 Ŷ = JA(1),A(2), . . . ,A(N)K;
7 for n = 1 to N do

8 A(n) ← A(n) ~
[(

Y(n) � Ŷ(n)

).[α]
A
�−n

l

].[1/α]
;

9 A
(n)
l = A(n)diag{1TA(n)}−1; /* normalize to unit length */

10 if n 6= N then

11 A(n) = A
(n)
l ;

12 end

13 end

14 until a stopping criterion is met ;

15 end
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5 Beta NTF

It is also possible to formulate a multiplicative Nonnegative Tensor Factorization algo-
rithm based on the Beta-divergence [6]:

Algorithm 2: Beta NTF (from [6])

Input: Y: input data of size I1 × I2 × . . .× IN , J : number of basis components
Output: N component matrices A(n) ∈ RIn×J

+

1 begin
2 ALS or random initialization for all factors A(n);
3 repeat

4 Ŷ = JA(1),A(2), . . . ,A(N)K;
5 for n = 1 to N do

6 A(n) ← A(n) ~
[(

Y(n) � Ŷ
.[β−1]
(n)

)
A�−n

]
�
(
Ŷ
.[β]
(n)A

�−n

)
;

7 if n 6= N then

8 A(n) ← A(n)diag{1TA(n)}−1; /* normalize */

9 end

10 end

11 until a stopping criterion is met ;

12 end

6 HALS NTF

HALS stands for Hierarchical Alternating Least Squares. The idea is to minimize a set of
local cost functions with the same global minima by approximating rank-one tensors [4].
Two algorithms are presented here, first a simple HALS algorithm (Algorithm 3) and
then another algorithm that reduces computation of the expensive Khatri-Rao products
(Algorithm 4) [6]. Both algorithms use the squared Euclidean distance, but it is also
possible to formulate HALS algorithms based on Alpha- and Beta-divergences.
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Algorithm 3: Simple HALS NTF (from [6])

Input: Y: input data of size I1 × I2 × . . .× IN , J : number of basis components
Output: N component matrices A(n) ∈ RIn×J

+

1 begin
2 ALS or random initialization for all factors A(n);

3 a
(n)
j ← a

(n)
j /||a(n)

j ||2 for ∀j, n = 1, 2, . . . , N − 1; /* normalize to unit

length */

4 E = Y − Ŷ = Y − J{A}K ; /* residual tensor */

5 repeat
6 for j = 1 to J do

7 Y(j) = E + Ja(1)
j , a

(2)
j , . . . , a

(N)
j K;

8 for n = 1 to N do

9 a
(n)
j ←

[
Y

(j)
(n){a

�−n

j }
]
+

;

10 if n 6= N then

11 a
(n)
j ← a

(n)
j /||a(n)

j ||2 ; /* normalize to unit length */

12 end

13 end

14 E = Y(j) − Ja(1)
j , a

(2)
j , . . . , a

(N)
j K;

15 end

16 until a stopping criterion is met ;

17 end
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Algorithm 4: FAST HALS NTF (from [6])

Input: Y: input data of size I1 × I2 × . . .× IN , J : number of basis components
Output: N component matrices A(n) ∈ RIn×J

+

1 begin
2 ALS or random initialization for all factors A(n);

3 a
(n)
j ← a

(n)
j /||a(n)

j ||2 for ∀j, n = 1, 2, . . . , N − 1; /* normalize to unit

length */

4 T(1) = (A(1)TA(1)) ~ · · ·~ (A(N)TA(N));
5 repeat
6 γ = diag(A(N)TA(N));
7 for n = 1 to N do
8 if n = N then
9 γ = 1;

10 end

11 T(2) = Y(n){A�−n};
12 T(3) = T(1) � (A(n)TA(n));
13 for j = 1 to J do

14 a
(n)
j ← [γja

(n)
j + t

(2)
j −A(n)t

(3)
j ]

+
;

15 if n 6= N then

16 a
(n)
j ← a

(n)
j /||a(n)

j ||2 ; /* normalize to unit length */

17 end

18 end

19 T(1) = T(3) ~ (A(n)TA(n));

20 end

21 until a stopping criterion is met ;

22 end
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7 Block Principal Pivoting

Another way to compute a Nonnegative Tensor Factorization is called Block Principal
Pivoting, and is an active-set-like method [12] [13].

A tensor Y of size I1 × I2 × . . .× IN can be transformed into a matrix YMAT (n) in a
process called mode-n-matricization by linearizing all indices except n in the following
way: YMAT (n) is a matrix of size In×

∏N
k=1,k 6=n Ik and the (i1, . . . , iN)th element of Y is

mapped to the (in, L)th element of YMAT (n) where

L = 1 +
N∑

k=1

(ik − 1)Lk

and

Lk =
k−1∏

j=1,j 6=n
Ij

For a tensor Y ∈ RI1×I2×...×IN , its approximation Ŷ = JA(1),A(2), . . . ,A(N)K can be
written as, for any n ∈ 1, . . . , N

YMAT (n) = A(n) ×
(
A�−n

)T

which can be utilized in the ANLS (alternating nonnegativity-constrained least squares)
framework. The following subproblems have to be solved:

minA(n)≥0

∣∣∣
∣∣∣A�−n ×

(
A(n)

)T −
(
YMAT (n)

)T ∣∣∣
∣∣∣
2

F

Algorithm 5 shows the Block Principal Pivoting algorithm that can be used to solve
this problem. Since the problem was reduced to a matrix problem, any NMF algorithm
could be used to compute the factorization, but algorithms that exploit the special
properties of the matrices are especially promising. (A�−n is typically long and thin,

while
(
A(n)

)T
is typically flat and wide.) In the formulation of the Block Principal

Pivoting algorithm below, xFl
and yGl represent the subset of the lth column of X and

Y indexed by Fl and Gl, respectively.
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Algorithm 5: Block principal pivoting (from [13])

Input: V ∈ RP×Q,W ∈ RP×L

Output: X(∈ RQ×L = arg(minX≥0||VX−W||2F ))
1 begin
2 Compute VTV and VTW;
3 Initialize Fl = ∅ and Gl = {1, . . . , q} for all l ∈ 1, . . . , L;
4 X = 0 ;
5 Y = −VTW;
6 α(∈ Rr) = 3;
7 β(∈ Rr) = (q + 1);
8 Compute all xFl

using column grouping from VT
Fl

VFl
xFl

= VT
Fl

wl;

9 Compute all yGl = VT
Gl(VFl

xFl
−wl);

/* (xFl
,yGl) is feasible iff xFl

≥ 0 and yGl ≥ 0 */

10 while any (xFl
,yGl) is infeasible do

11 Find the indices of columns in which the solution is infeasible:
I = {j : (xFl

,yGl) is infeasible};
12 forall the l ∈ I do
13 Hl = {q ∈ Fl : xq < 0} ∪ {q ∈ Gl : yq < 0};
14 end
15 forall the l ∈ I with |Hl| < βl do
16 βl = |Hl|;
17 αl = 3;

18 Ĥl = Hl;

19 end
20 forall the l ∈ I with |Hl| ≥ βl and αl ≥ 1 do
21 αl = αl − 1;

22 Ĥl = Hl;

23 end
24 forall the l ∈ I with |Hl| ≥ βl and αl = 0 do

25 Ĥl = {q : q = max{q ∈ Hl}};
26 end
27 forall the l ∈ I do

28 Fl = (Fl − Ĥl) ∪ (Ĥl ∩ Gl);
29 Gl = (Gl − Ĥl) ∪ (Ĥl ∩ Fl);
30 Compute xFl

using column grouping from VT
Fl

VFl
xFl

= VT
Fl

wl;

31 yGl = VT
Gl(VFl

xFl
−wl);

32 end

33 end

34 end
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8 Conclusion

In this report, the Nonnegative Tensor Factorization problem was defined and five al-
gorithms to compute this factorization were presented. For future work, it would be
especially interesting to parallelize some of these algorithms to allow the processing of
large problems which arise in real-world applications on highly parallel modern comput-
ing systems.
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