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1 Introduction and Result

Let A = (Aq,...,As) € (0,1)° and v = (nq,...,ns) € Nj. We use the notation
A= (AT, A %), For v € Ng and = = (21, ...,25) € R® let

ho(@) = hlor, .. )—exp< 'x”2>r_[%

denote the Hermite function with index v. By ||z||2 we denote the usual Euclid-
ian norm on R*. The Hermite functions form an orthonormal basis of L?(R?).
We consider the following subset of L?(R®) given by

Hy =X f(z) :R* = C|f(x Z)\”a,, l,x);Z|al,|2<oo

veNg veN;
Equipped with the scalar product defined by
(A hy, AMhy) = 6, (1)
the space H) forms a reproducing kernel Hilbert space (RKHS) with kernel
Ky(z,y) : R* xR® = R, K)\(z,y) =
li[ L (4%'1/%? — (LX) (f + y?))
PRV IVAEDN: 2(1-47)

Let {zx}x>1 € R® be a point sequence. The QMC integration error En(f) for
f € Hy with respect to the normed Gaussian measure with density

R 5 Rip(a) = — =13




is given by

| &
==Y fla) = | fla)plx)dx|.
N
k=1 Re

It can be estimated by
Ex(f) < Dn(zg)- || fIl

where [|.|| is the norm induced by the scalar product (1). The expression Dy (z)
is independent from the integrand and depends only on the point sequence. It is
the Diaphony of the point sequence {xj}r>1. For the definition of the classical
Diaphony see [4]. A simple computation gives an explicit formula of the square
of DN ((L’k)

1 N
(Dn(zx))* = e > KX (zk,m) (2)

where
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exp (—
K;\\/(may) = K)\('Tvy) -

Var (2v/7)°

and therefor

(Dn()) = 53 3 Kalew, ) i () L
Ne gz =t 2 ENGE

2v l x _ 6110 ’
= > A <N;h"( k) 2ﬁ3>.

In the classical case H. Leeb [3] showed weak convergence of the classical Di-
aphony to a normal distribution. Let us recall briefly the classical Diaphony
(see [4]): Let

72 x?

hz)=1-F+5 (1= 2{z})? = 212 B,y ({z}) + 1

where By (z) denotes the second Bernoulli polynomial and {z} denotes the frac-
tional part of z. Let

{1 = {(yk 7"'7yk )}k:>1 €1[0,1)*

and

H:[0,1)° 5 R H(y) = H (y(l y(5)> H h(y

The classical Diaphony is given by

N s
(Fn(zx))” = 52 Z H (yx — 1) % S I (14—277232 ({yl(cj) _yz(j)}>>-

k,l=1 k,i=1j=1



This means that the sum over H(z, 2}) is a constant depending on N and the
dimension s. In the case of the diaphony generated by Mehlers kernel the sum
over the diagonal elements is a random variable. In fact we have

NN = 3 Ko = 5 KT g 3 K
~(zk)) N 2 Nz, 21) N 2 N Tk, wE)+ Nk2l1 Nk, ).

(3)
The proof of Theorem 1 below is an application of the methods developed in
[3], only the first summand in 3 requires special treatment. In the following I
denotes the s-dimensional unity matrix.

Theorem 1. Let \; € (—1,1) with
> NP < oo
j=1

and z,y ~ N(0,I,) independent, identically distributed random variables. Let

) 1 1 1
Us .—E(KA(xvx))_ﬁs ]];[1 \/(1_)\32) (3—)\?) 2

@2 = B (K3 (2,2))) = u2 =

S

1 1 2 £ 1
ﬁs ]1;[1 \/ + (27T)5 H

(1-X2)(5 - 332) - a)B-a2)

4 L 1 4 3
(\/Qw)sjl;[l (17}\?)—'_(27]'\/3)8 (2y/7)° -

S

N 1 1 1/ 2 1
o= E (U a)) = 31;[1 (1-Aho—AhH 2 (\/3 - 2)

Let {zp}r>1 ~ N(0, L) be a sequence of independet, identically distributed ran-
dom variables. We have

ND?V(xk) — Hs

—d N(Oa 1)
N-1
oy /2051
provided that N,s — oo and
~ 4
1 d? E((K)\ (z,9)) )
Nmax 0_73, 0‘;1 — O (4)



and

fa- (- %)
i1 (1—A—4)\/1+%31

2 Technical Lemmas

— 0. (5)

We start with the following lemma which is simply proven by computing the
expectation:

Lemma 1. Let x,y ~ N(0,I) i.i.d. random variables. Let a,b € R andn € N.
Then we have

a2 2 b2 2 n
E| exp —§||37H2 eXp —5”1/“2 KX (z,y) ) =

1 1
1;[ Y- BV \/ (n? + (a2 + 1)(82 + 1)) (1 — A1) + n(a? + b + 2)(1 + )
Application of the previous Lemma gives the moments of K3 (z,y) for ,y ~
N(0, I;):

E((K3 (r,9)") =
(%)“‘l( ) T

Tl' n \/47 n—ij \/5812
+(2m)s Z i18 11 1 Z n—Zl—ZQ) %
1= 1f 7/1'1_[ i—1 B 19=0
1

x Z
(i —1)! H] @+ P+ 1)((2 = D2+ 1)1 = X)) + i1 (12 + (i2 = )2 +2)(1+ A))
For the following we define the random variables:

k—1

Xy o= K (wx,m) (6)
=1

Lemma 2. Let {zy}r>1 be a sequence of i.i.d ~ N(0,I,) random variables. We
have

1.
E(Xngr) =0



i (5 6 ())

3. We have the estimation

1

27 |1
= LUl V=X (5 -3023)(5+3)2)

™

B (K5 (z.y)") <

n 1 2 " 8 n 6 " 1
922s \/55 28\/55 3s 24s | °

4. Let k> 2. Then we have

k—1 4
E(Xyy) =E ((Z K,\N(xk7xl)> ) _
=1

(k= DE (K3 (2,9)" +3(k = 1)(k = 2)E (K3 (2.1)* (K3 (2,2))%) <

(k= D)3k = 5)E (K3 (2.9))") -
5. Let k>3 andl < k. Then we have
E (Xzzv,k-Xsz,z) =

= 2118 (K5 (@, 9)) (K5 (2,20 + (k-3 0-1) (B (5 (9))%) )+

20 - 1) = 2)B (B (K3 (@,9)K3 (2,2)]y,2))° ) <
<2 VB (K5 )") + =30~ 1) (B (K3 @) +

200 = 1) = 2B (B (K3 (@,9)K3 (2, 2)|y. 2))°)



Proof. The formulas are verified by straight forward computation. The estima-

ton B (K5 () (K5 @.))?) < B (K3 .w)")

is follows from Cauchy-Schwarz inequality:

E (K3 (2.))° (K3 (2,2))°) =

1 yllz) / < IIZI§)
— ex ex dzx
V27 /]Rs p< \/277 P 2

\/ﬂ / (KS (z,y ) (K;(ac,z))2 exp <_||x2|| dx <

o k=
(e Loson (-158)0)’
(L /KW exp<_ng%)dx>t

(e ()l ern( )

X

2

<
. ( |y2) ) exp(_o;n%)dx_
B (K5 (=.y)").
O

Remark 1. The expectation E ((K:\“(x,y))4) is bounded for all s because of

the square summability of the A; and by a fundamental convergence theorem of
infinite products (see e.g. [1]):

Theorem 2. An infinite product of the form

ﬁ (1+ay)

1s absolutely onvergent if and only if

o0
Z laj] < oc.
j=1



A long computation gives the conditional expectation:

E(KY (2,y) KX (2, 2)|y, 2) =

H ox 8yJZJ>‘4 (3+)‘§)(y§+zjz) B
M 1_A4><3+A4> P\ 2D
1 3 1 L+A]
_(\/§7T)s ]1;[1 3\ P <_ 2(1 >\4) >+

li[ 1 ( 14+ A 2)
—F——¢6xp 74
j=1 3—)\;* 2(1 = A7)

1 2 2 2
exp <_||y|2 + ll=l13 lyll3

o : )+ (%; e (_ / )+ (%; ﬁeXp< ||z2||%>

N (2717)s (21 - 31) ' ®)

The square of the conditional expectation (8) is estimated by Cauchy Schwarz
inequality:

(B (KX (2, y) K (2, 2)]y, 2)

: Sy, — (3 282 + )
<7E J
=7 (H (1—)\4 Bran* ( 3+)\4 J1 - D) *

1 o1 1+ 2 1 1+,
ey E<3—A§>GX"< =A™ >+E<3—A§>6Xp< A=A ) i

52 oxp (= (lyll3 + 11=13)) + ﬁ [exp (—llyll3) +exp (—213)] +

EN|
»
—_




(B0 ®
From (7) and (9) we get the

Corollary 1. Assuming that the sequence of Aj,j =1,2... is square summable

and
s Ja=an(1-%
,HV L-s)
F1@—§%M+§
(B (K5 (2, ) K3 (@ 2)ly. 2)° _ (B (K3 (@)K (2,2) 9. 2))°

5 T — 0.
(B (5 @) &

for s — .

—0

for s — oo we have

Proof. The estimation (9) and Application of Theorem 2 gives

(B (K5 (z,y) K5 (x, )|y, 2))* <

with an absolute constant ¢;. For the denominator we have

(2 (05 @?)) = e I

1
o S a-xn (1-5)

with an absolute constant ¢y and therefor




(1N
:Cﬁ\/(l X)(1-%)

4 4
j=1 (1—%) 1+ %

with an absolute constant C'. O

Remark 2. Condition (5) is fulfilled e.g. if \; = X for 0 < |A| < 1.

3 Proof of Theorem 1

We have
1N g N k-1
NDN Zr) Nk;ll( Tk, T1) ZKA (zk, Tk —l—NI;I_ZlK; T, xp) =

1 & 2 &
= —ZK;(xk,xk) + —ZXN,k
Nk:l Nk:2

where Xy j denote the random variables defined in (6). By subtracting p on
both sides and multiplication by

1 N
os \| 2(N = 1)
we have
1 N 1 N 1 <
— s (ND2(r) = 1) = — | s | o > KX (@ i) — ps
mo |z = (VP ) = ) (N; o) ”>+
N
1 N 2
2N Xy
o 2(]\[-1)1\11;2 Nk

Weak convergence of the left side can be shown by Slutzkys theorem (see [2])
if the first summand converges in probability to a constant and the second one
converges weakly. Let € > 0 be given. Application of Markov inequality gives

N
P(U{; 2(]\/{V—1)<1172K/\N(xk’$k)_ﬂs> >5>§

1 N 1
- — (E(K —u2) =
2 g2 2(N o 1) N ( ( A (.%'737)) MS)

C e2022(N —1)



because

K5 (@, 2) K5 (w0, 31) — i =

S

B (5 a)?) + 2 2 =
B (5 ) = ).

due of the independence of x) and assumption (4). So by Slutzkys theorem the
weak limit of
1 N

oo\ 2y 1y (VPalaw) = i)

1 2 N
— ] —=SN"X
o \| N(N = 1) ;; Nk

coincide. From here we proceed as in [3]. Let us define the random variables

and

2
InNg = —4]| X
Mo | NIV =) TR
and
m
SN,m = Z ZN,k-
k=2
and let o (x1,22,...,2%) be the o-algebra generated by x1,...,z,. Then
{Sva o (Ila Z2,... 7xm)}

is a zero mean, square integrable triangular martingale array. Martingale CLT
ensures that
SN,N —d N(O, 1)
if we have
1.
E Zik ) <
<2LI}ca<XN N ”“) >

for all V.

10



R |ZN k| —p 0

N
Z Z]Q\f’k —>L2 1
k=2

Item 1 is immedeately verified by
N
< 2E) =
for all N. Item 2 is verified by

N
1
P (2£nax |Zn x| > 5) < 5D E(Zi)-

= 4
N ol

according to assumption (4). For Ttem 3 we get

N 2 N 2
k=2 k=2

N N k-1
= ZE (Znw) + 2ZZE (ZX w23, — 1
=2 k=3 =2

From condition (2) we know that the first summand tends to 0 for N,s — oo.
For the second one we have by Lemma 2

Y&, B (K5 (@.v))") (B (K5 (2, ) K5 (2, 2)|y, 2))°
EEZMZMSMI T e ()’

for N, s — oo according to (4) and corollary 1 where My, Ms denote absolute
constants .

Remark 3. In the same way we can prove the following

11



Theorem 3. Let A = (A1,..., ;) with |Aj| < % and

D N1 < 0.

j>1

Let xj, ~ N (0, %Is) Jk=1,2,... 4.4.d. random variables. Let

s 1 2wy A2 — M (22 + o3
L/\(x,y)ZRSXRS_)R§LA($;Q):H exp( 3Yi Jl J/\E] yy)
jzlﬁ 1—>\;l Y
and 1
L;(l’,y) = L)\(IC,y) - \/'TTS'
Let
Fa o) = o 3 L) = - 3 LG — —
N\Tg) (= N2 — A Tk, Ty) = N2 o Mg, T1 \/7?5'
Let
M, = B (15 ) = = | [ -1
s = AT, T)) = S 2
ﬁ J:117>\j
) N 2 SR |
V2= B (3 @y)?) = — ([ 1=5 -1

Then we have
NF%(zy) — M

—d N(Ov 1)
N—1
Vs 275
for N, s — oo provided that
1 (2 B(0x@w?)
N max W’ V—:L — 0.

Remark 4. The condition |\;| < % arises from the fact that ELy(z,z)? does
not exist for |\;| > %
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