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Technical Report 2019-04 November 2019

Department of Computer Sciences

Jakob-Haringer-Straße 2
5020 Salzburg
Austria
www.cosy.sbg.ac.at

Technical Report Series



Convergence of Eigenvectors in the Block
Classical Jacobi Method for the Symmetric

Eigenvalue Problem

Yusaku Yamamoto∗ Gabriel Okša† Marián Vajteršic‡
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Abstract. In the block version of the classical Jacobi method for the symmetric eigenvalue
problem, the off-diagonal elements of the iterate matrix A(k) converge to zero. However, this
does not necessarily guarantee that A(k) converges to a fixed matrix. In this report, we prove
that A(k) actually converges to a fixed diagonal matrix, whose diagonal elements are the eigen-
values of the input matrix A(0). In addition, it is shown that for a simple eigenvalue, the
corresponding column of the accumulated orthogonal transformation matrix Q(k) converges to
the corresponding eigenvector. For multiple eigenvalues, the orthogonal projector constructed
from the corresponding columns of Q(k) converges to an orthogonal projector onto the eigenspace
corresponding to those eigenvalues.

1 Introduction

Consider the block version of the classical Jacobi method for the symmetric eigenvalue problem,
in which the off-diagonal block with the largest Frobenius norm is annihilated at each step. In
our previous papers [7, 8, 9], we were mainly concerned with the convergence of the off-diagonal
norm of the iteration matrix A(k) to zero. However, this does not necessarily guarantee that A(k)

converges to a fixed diagonal matrix. In this report, we show that A(k) actually converges to a
fixed diagonal matrix D and its diagonal elements are the eigenvalues of the initial matrix. This
is proved regardless of the multiplicity of the eigenvalues. Furthermore, in the case of simple
eigenvalues, we also show that the accumulated orthogonal transformation factor converges to
the eigenvector matrix. It should be easy to extend these results to the parallel block Jacobi
eigenvalue algorithm with greedy implementation of parallel dynamic ordering (GIPDO) [1, 2].
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In the following, we denote the identity matrix of order n by In and the m × n zero matrix by
Omn. For a square matrix A, off(A) denotes its off-diagonal part. For a real symmetric matrix
A, we denote its smallest and largest eigenvalues by λmin(A) and λmax(A), respectively.

2 Convergence analysis

2.1 Preliminaries

Here we recall several theorems and lemmas to be used in the following subsections. In the
following, we consider applying the classical block Jacobi method to a symmetric matrix A =
A(0) ∈ Rn×n partitioned into a w×w block structure (w ≥ 2). For simplicity, we assume that n
is divisible by w and consider only equally sized blocks of ℓ × ℓ, where ℓ = n/w, but extension
to a more general case is obvious. The matrix after the kth step is denoted by A(k). We also
assume that the diagonal blocks of A are diagonalized before the first step and the diagonal
elements in each diagonal block are ordered non-increasingly. Hence, the diagonal blocks of
A(k) remain diagonal throughout the computation.

Each step of the classical block Jacobi method proceeds as follows. We first choose the off-
diagonal block of A(k) with the largest Frobenius norm from the upper triangular part. Let the
chosen block be A

(k)
XY (X < Y ). We then form a 2 × 2 block matrix

Ã(k) ≡
(

A
(k)
XX A

(k)
XY

A
(k)
Y X A

(k)
Y Y

)
∈ R2ℓ×2ℓ (1)

and compute its orthogonal eigenvector matrix

P̃ (k) ≡
(

P
(k)
XX P

(k)
XY

P
(k)
Y X P

(k)
Y Y

)
∈ R2ℓ×2ℓ. (2)

In this paper, we choose the sign of each eigenvector in P̃ (k) so that the diagonal elements of
P̃ (k) is nonnegative. Note that A

(k)
XX and A

(k)
Y Y are diagonal as we stated above. Now we embed

P̃ (k) into In to obtain an n × n orthogonal matrix P (k) and compute A(k+1) as

A(k+1) = (P (k))⊤A(k)P (k). (3)

It is easy to see that Ã(k) is updated as

Ã(k+1) = (P̃ (k))⊤Ã(k)P̃ (k) =

(
A

(k+1)
XX O

O A
(k+1)
Y Y

)
, (4)

where A
(k+1)
XX and A

(k+1)
Y Y are diagonal. At the same time, P (k) is accumulated as

Q(k+1) = Q(k)P (k), (5)

with Q(0) = In.

We first quote a theorem on the global convergence of the classical Jacobi method [12].
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Theorem 2.1. In the classical block Jacobi method, ∥off(A(k))∥F satisfies the following inequal-
ity and therefore converges to zero as k → ∞.

∥off(A(k+1))∥2
F ≤ α∥off(A(k))∥2

F , (6)

where

α ≡ 1 − 2

w(w − 1)
< 1. (7)

Specifically, letting S = ∥off(A)∥2
F , we have

∥off(A(k))∥2
F ≤ Sαk. (8)

The next theorem and its corollary will be used to prove the convergence of the diagonal
elements of A(k).

Theorem 2.2 (Hoffman-Wielandt theorem [6]). Let B, C ∈ Rn×n be symmetric matrices and
{λi(B)}n

i=1 and {λi(C)}n
i=1 be their respective eigenvalues. Also, let Sn denote the permutation

group of {1, 2, . . . , n}. Then,

min
σ∈Sn

n∑

i=1

|λi(B) − λσ(i)(C)|2 ≤ ∥B − C∥2
F . (9)

Corollary 2.3. Let {λi(B)}n
i=1 and {λi(C)}n

i=1 be ordered non-decreasingly (or non-increasingly).
Then,

n∑

i=1

|λi(B) − λi(C)|2 ≤ ∥B − C∥2
F . (10)

Proof. We show that σ(i) = i attains the minimum in the left hand side of (9) by induction.
Let σ∗ be one of the permutations that attains the minimum of the left hand of (9). Assume
that σ∗(1) ̸= 1. Then there are indices 2 ≤ i, j ≤ n such that σ∗(1) = i and σ∗(j) = 1. Now we
modify σ∗ to σ̂∗ so that σ̂∗(1) = 1, σ̂∗(j) = i and σ̂∗(k) = σ∗(k) for k ̸= 1, j. Then, we have

n∑

i=1

|λi(B) − λσ∗(i)(C)|2 −
n∑

i=1

|λi(B) − λσ̂∗(i)(C)|2

=
{
|λ1(B) − λσ∗(1)(C)|2 + |λj(B) − λσ∗(j)(C)|2

}

−
{
|λ1(B) − λσ̂∗(1)(C)|2 + |λj(B) − λσ̂∗(j)(C)|2

}

=
{
|λ1(B) − λi(C)|2 + |λj(B) − λ1(C)|2

}
−
{
|λ1(B) − λ1(C)|2 + |λj(B) − λi(C)|2

}

= −2λ1(B)λi(C) − 2λj(B)λ1(C) + 2λ1(B)λ1(C) + 2λj(B)λi(C)

= 2 {λ1(B) − λj(B)} {λ1(C) − λi(C)} ≥ 0, (11)

which shows that σ̂∗ also attains the minimum. Hence, by regarding σ̂∗ as σ∗, we can assume
without loss of generality that σ∗(1) = 1. By repeating this process, we can modify σ∗ so that
σ∗(i) = i (i = 1, 2, . . . , n) without increasing the value of

∑n
i=1 |λi(B) − λσ∗(i)(C)|2.

The next theorem will be used in subsection 2.3 to prove the convergence of the columns of
Q(k) corresponding to simple eigenvalues.
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Theorem 2.4 (sin Θ theorem [10]). Let B ∈ Rm×m be a symmetric matrix and y ∈ Rm

be a vector with ∥y∥ = 1. Define ρ = y⊤By and r(y) = By − ρy. Now, let µi be the
eigenvalue of B that is closest to ρ, xi be the corresponding eigenvector, θ = ∠(y,xi) and
gap(ρ) = minµj ̸=µi

|µj − ρ|. Then the following inequality holds.

| sin θ| ≤ ∥r(y)∥
gap(ρ)

. (12)

Now we move to results that will be used in subsection 2.4. Let us consider a symmetric 2 × 2
block matrix

B =

(
B11 B12

B21 B22

)
(13)

and denote its eigendecomposition as

B = PDP⊤, (14)

where

P =

(
P11 P12

P21 P22

)
and D =

(
D11 O
O D22

)
(15)

are orthogonal and diagonal matrices, respectively. The next lemma is used to bound the norm
of the off-diagonal blocks of the eigenvector matrix P .

Lemma 2.5. Assume that η ≡ λmin(B11) − λmax(B22) > 0 and
√

2∥B21∥F < η. Assume
further that the diagonal elements of D are arranged in non-increasing order. Then, ∥P12∥F =
∥P21∥F ≤ ∥B21∥F /(η −

√
2∥B21∥F ).

Proof. Since P is also an eigenvector matrix of the shifted matrix B′ = B + sI for any s, we
shift B so that B22 is positive definite and denote the shifted diagonal blocks by a prime. Then,
λmin(B

′
11) − λmax(B

′
22) = η. Now we rewrite the shifted version of Eq. (14) as follows.

(
B′

11 B12

B21 B′
22

)(
P11 P12

P21 P22

)
=

(
P11 P12

P21 P22

)(
D′

11 O
O D′

22

)
. (16)

By focusing on the (2, 1) block, we have the following Sylvester equation for P21:

P21D
′
11 − B′

22P21 = B21P11. (17)

We bound ∥P21∥F using the technique in the proof of [3, Theorem 5.1]. Letting β = λmax(B
′
22),

we have
∥B′

22P21∥F ≤ ∥B′
22∥2∥P21∥F = β∥P21∥F . (18)

Now we bound ∥P21D
′
11∥F from below. Since all eigenvalues of B′

11 are larger than those
of B′

22 and the diagonal elements of D′ are non-increasingly ordered, we can apply Corol-
lary 2.3 to diag(B′

11, B
′
22) and D′ to show that all eigenvalues of D′

11 are within distance of√
∥B12∥2

F + ∥B21∥2
F =

√
2∥B21∥F from some eigenvalue of B′

11. Hence, λmin(D
′
11) ≥ β + η −√

2∥B21∥F and ∥D′
11

−1∥2 ≤ (β + η −
√

2∥B21∥F )−1. Thus, it follows that

∥P21∥F ≤ ∥P21D
′
11∥F ∥D′

11
−1∥2 ≤ (β + η −

√
2∥B21∥F )−1∥P21D

′
11∥F (19)
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and
∥P21D

′
11∥F ≥ (β + η −

√
2∥B21∥F )∥P21∥F . (20)

From Eqs. (17), (18), (20) and ∥P11∥2 ≤ 1, we have

∥B21∥F ≥ ∥B21P11∥F ≥ ∥P21D
′
11∥F − ∥B′

22P21∥F ≥ (η −
√

2∥B21∥F )∥P21∥F . (21)

This result is a variant of the famous theorem of Davis and Kahan on the Sylvester equation
AX−XB = C [3, Theorem 5.1], in which the 2-norm is used for D′

11 and B′
22 and the Frobenius

norm is used for B21 and P21.

The final Lemma in this subsection concerns the completeness of the set of orthogonal projec-
tors.

Lemma 2.6. Let Pn,m ⊂ Rn×n (m ≤ n) be the set of all orthogonal projectors from Rn to its
m-dimensional subspace. Then Pn,m is complete with respect to the metric in Rn×n induced by
the 2-norm or the Frobenius norm.

Proof. We first prove the lemma for the Frobenius norm. In this case, Rn×n can be identified
with the Euclidean space Rn2

. Then, since any closed set of a Euclidean space is complete, all we
need to show is that Pn,m is a closed set, that is, if P (1), P (2), . . . ∈ Pn,m and limk→∞ P (k) = P (∞)

(that is, limk→∞ ∥P (k) −P (∞)∥F = 0), then P (∞) ∈ Pn,m. First, we note that any P ∈ Pn,m can
be written as P = Y Y ⊤, where Y ∈ Rn×m and the columns of Y are an orthonormal basis of the
m-dimensional subspace onto which P projects a vector in Rn. From this expression, it is clear
that P is symmetric and has an eigenvalue 1 with m-fold degeneracy and an eigenvalue 0 with
(n−m)-fold degeneracy. This is also true of P (1), P (2), . . .. Now, since limk→∞ ∥P (k)−P (∞)∥ = 0,
each element of P (k) converges to the corresponding element of P (∞). Then, since the eigenvalues
of a matrix is a continuous function of its elements, P (∞) also has an eigenvalue 1 with m-fold
degeneracy and an eigenvalue 0 with (n − m)-fold degeneracy. Also, it is clear that P (∞)

is symmetric. Hence, by letting m orthonormal eigenvectors of P (∞) corresponding to the
eigenvalue 1 be y

(∞)
1 ,y

(∞)
2 , . . . ,y

(∞)
m and Y (∞) ≡ [y

(∞)
1 ,y

(∞)
2 , . . . ,y

(∞)
m ], we can write P (∞) as

P (∞) = Y (∞)(Y (∞))⊤. This means that P (∞) ∈ Pn,m. The lemma for the 2-norm follows easily
because for finite-dimensional matrices, the 2-norm and the Frobenius norm is equivalent, i.e.
∥A∥2 ≤ ∥A∥F ≤ √

n∥A∥2 for any A ∈ Rn×n.

2.2 Convergence of the diagonal elements of A(k)

Regarding the convergence of the diagonal elements of A(k), we have the following theorem.
Note that here we do not make any assumptions on the distribution of the eigenvalues of A.
Hence, the cases of multiple or clustered eigenvalues are also considered. The theorem will
be proved by combining Corollary 2.3 with a technique developed in [11] for the point Jacobi
eigenvalue algorithm.

Theorem 2.7. Assume that P̃ (k) at each step is computed in such a way that the diagonal
elements of Ã(k+1) = (P̃ (k))⊤Ã(k)P̃ (k) is ordered non-increasingly. Then, as k → ∞, A(k)

converges to a diagonal matrix D. The diagonal elements of D are the eigenvalues of A.
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Proof. Consider the transition from A(k) to A(k+1). The only diagonal elements that change are
those belonging to Ã(k). Let the diagonal elements of Ã(k) and Ã(k+1) be denoted by {ã

(k)
qq }2ℓ

q=1

and {ã
(k+1)
qq }2ℓ

q=1, respectively. To bound the change |ã(k+1)
qq − ã

(k)
qq |, we use Corollary 2.3. Let

B ≡ Ã(k), C ≡
(

A
(k)
XX O

O A
(k)
Y Y

)
. (22)

Then, since Ã(k) and Ã(k+1) are similar (see Eq. (4)) and Ã(k+1) is diagonal, the eigenvalues

of B are {ã
(k+1)
qq }2ℓ

q=1. The eigenvalues of C are {ã
(k)
qq }2ℓ

q=1 since A
(k)
XX and A

(k)
Y Y are diagonal.

Moreover, both of these diagonal elements are ordered non-increasingly from the assumption.
Hence, we can use Corollary 2.3 to obtain

2ℓ∑

q=1

|ã(k+1)
qq − ã(k)

qq |2 ≤ ∥B − C∥2
F

≤ ∥A
(k)
XY ∥2

F + ∥A
(k)
Y X∥2

F

≤ ∥off(A(k))∥2 ≤ Sαk, (23)

where we used Eq. (8) in the last inequality. Combining this with the fact that the diagonal
elements of A(k) not contained in Ã(k) are unchanged, we have

|a(k+1)
ii − a

(k)
ii | ≤

√
Sαk (i = 1, 2, . . . , n). (24)

Now, let m be any nonnegative integer. Then,

|a(k+m)
ii − a

(k)
ii | ≤

k+m−1∑

j=k

|a(j+1)
ii − a

(j)
ii | ≤

k+m−1∑

j=k

√
Sαj =

√
Sαk · 1 − (

√
α)m

1 − √
α

<

√
Sαk

1 − √
α

, (25)

showing that {a(k)
ii }∞

k=1 is a Cauchy sequence for 1 ≤ i ≤ n. Hence, it converges to a constant
di.

The next task is to show that di is an eigenvalue of A. Let D = diag(d1, d2, . . . , dn). Then,

lim
k→∞

A(k) = lim
k→∞

(Q(k))⊤AQ(k) = D. (26)

Here, {Q(k)}∞
k=0 is generally not convergent. However, since Q(k) is an orthogonal matrix for any

k and the set of orthogonal matrices is a compact set, we can choose a subsequence {Q(kp)}∞
p=1

that converges to some orthogonal matrix Q. For this subsequence, it also holds that

lim
p→∞

(Q(kp))⊤AQ(kp) = D. (27)

Since the left-hand side is equal to Q⊤AQ, we finally obtain

Q⊤AQ = D (28)

for a diagonal matrix D and an orthogonal matrix Q. This shows that the diagonal elements
d1, d2, . . . , dn are the eigenvalues of A.
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2.3 Convergence of the columns of Q(k) corresponding to simple
eigenvalues

Let q
(k)
i be the ith column of Q(k). Also, as in Theorem 2.7, let di denote the eigenvalue of

A to which a
(k)
ii converges. In this subsection, we consider the convergence of q

(k)
i in the case

where di is a simple eigenvalue. Note that other eigenvalues of A can be multiple or clustered.
We have the following theorem.

Theorem 2.8. Under the same assumption as in Theorem 2.7, if di is a simple eigenvalue of
A, then q

(k)
i converges to the eigenvector of A corresponding to di as k → ∞.

Proof. Let δi be the smallest distance from di to other eigenvalues of A and k0 be an integer
such that ∥off(A(k))∥F ≤ δi/4 if k ≥ k0. In the following, we assume that k ≥ k0 and consider

the transition from q
(k)
i to q

(k+1)
i .

From Eq. (5), q
(k+1)
i is the ith column of Q(k)P (k). We consider the case where the column i

belongs to either column block X or Y ; otherwise, q
(k+1)
i = q

(k)
i since P (k) is identical to In

except for the Xth and Y th column blocks. Let the Xth and Y th column blocks of Q(k) be
denoted by Q

(k)
X and Q

(k)
Y , respectively, and the local column index of q

(k)
i within the n × (2ℓ)

matrix
(
Q

(k)
X Q

(k)
Y

)
be q. Then we have

q
(k)
i =

(
Q

(k)
X Q

(k)
Y

)
ẽq, q

(k+1)
i =

(
Q

(k)
X Q

(k)
Y

)
p̃(k)

q , (29)

where ẽq and p̃
(k)
q are the qth columns of I2ℓ and P̃ (k), respectively. By noting that the matrix(

Q
(k)
X Q

(k)
Y

)
has orthonormal columns, we obtain

∥q(k+1)
i − q

(k)
i ∥ =

∥∥∥
(
Q

(k)
X Q

(k)
Y

)
(p̃(k)

q − ẽq)
∥∥∥ = ∥p̃(k)

q − ẽq∥. (30)

To bound the right-hand side, we use Theorem 2.4. By putting B = Ã(k) and y = ẽq in
Theorem 2.4, we have

ρ = y⊤By = ã(k)
qq = a

(k)
ii ,

r(y) = By − ρy = ã(k)
q − ã(k)

qq ẽq, (31)

where ã
(k)
q is the qth column of Ã(k). Hence,

∥r(y)∥ =




2ℓ∑

j=1
j ̸=q

(
ã

(k)
jq

)2




1
2

≤ 1√
2
∥off(Ã(k))∥F ≤ 1√

2
∥off(A(k))∥F ≤

√
1

2
Sαk. (32)

On the other hand, from Eq. (23), we obtain

|ã(k+1)
qq − ã(k)

qq | = |a(k+1)
ii − a

(k)
ii | ≤ ∥off(A(k))∥F ≤ δi

4
. (33)
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It also holds that |ã(k)
qq − di| = |a(k)

ii − di| ≤ δi/4. To see this, consider the Hoffman-Wielandt

theorem with B = A(k) and C = diag(a
(k)
11 , a

(k)
22 , . . . , a

(k)
nn ). a

(k)
ii is an eigenvalue of C and di is an

eigenvalue of B. If |a(k)
ii −di| > δi/4, there must be another eigenvalue dj of B, which is distant

from di at least by δi, such that |a(k)
ii − dj| ≤ δi/4. But, then, due to the inequality (33),

|a(k+1)
ii − di| ≥ |dj − di| − |a(k+1)

ii − a
(k)
ii | − |a(k)

ii − dj| ≥ δi

2
>

δi

4
. (34)

Hence, it follows that |a(k′)
ii − di| > δi/4 for any k′ ≥ k, but this contradicts to the assumption

that a
(k)
ii converges to di.

Now we consider another diagonal element ã
(k+1)
rr of Ã(k+1), where r ̸= q. Then, again from

the Hoffman-Wielandt theorem, with B = A(k+1) and C = diag(a
(k+1)
11 , a

(k+1)
22 , . . . , a

(k+1)
nn ), there

must be another eigenvalue ds of A (and therefore of A(k+1)) such that |ã(k+1)
rr − ds| ≤ δi/4,

because di must be associated with ã
(k+1)
qq . Hence,

|ã(k+1)
rr − ã(k)

qq | ≥ |di − ds| − |ã(k+1)
rr − ds| − |ã(k)

qq − di| ≥ δi/2. (35)

Eqs. (33) and (35) show that ã
(k+1)
qq = a

(k+1)
ii is the eigenvalue of Ã(k) closest to ã

(k)
qq and all

other eigenvalues are distant from ã
(k)
qq by at least δi/2. Thus, gap(ρ) ≥ δi/2. Noting that the

eigenvector of Ã(k) corresponding to the eigenvalue ã
(k+1)
qq is p̃

(k)
q and defining θ = ∠(ẽq, p̃

(k)
q ),

we obtain from Theorem 2.4,

| sin θ| ≤ ∥r(y)∥
gap(ρ)

≤
√

2Sαk

δi

. (36)

Note that, since we have chosen the sign of the eigenvector p̃
(k)
q so that its qth element is

nonnegative (see subsection 2.1), the inner product (p̃
(k)
q )⊤ẽq is nonnegative and hence cos θ ≥ 0.

Inserting these results into (30) gives

∥q(k+1)
i − q

(k)
i ∥2 = ∥p̃(k)

q − ẽq∥2

= ∥p̃(k)
q ∥2 − 2

(
p̃(k)

q

)⊤
ẽq + ∥ẽq∥2

= 2(1 − cos θ)

≤ 2(1 − cos2 θ) = 2 sin2 θ ≤ 4Sαk

δ2
i

, (37)

where we used 1 ≤ 1 + cos θ in the first inequality. Now, let m be any nonnegative integer.
Then,

∥q(k+m)
i − q

(k)
i ∥ ≤

k+m−1∑

j=k

∥q(j+1)
i − q

(j)
i ∥ ≤

k+m−1∑

j=k

2
√

Sαj

δi

<
2
√

Sαk

δi(1 − √
α)

. (38)

This shows that
{
q

(k′)
i

}∞

k′=k
is a Cauchy sequence and therefore converges to a constant vector

qi as k → ∞.

The remaining task is to show that qi is the eigenvector of A belonging to the eigenvalue di.
Let us recall the subsequence {Q(kp)}∞

p=1 defined in the proof of Theorem 2.7. It converges to
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an orthogonal matrix Q satisfying Eq. (28). Moreover, since it is a subsequence of {Q(k)}∞
k=0,

its ith column converges to qi. Hence, by premultiplying both sides of Eq. (28) by Q and
extracting the ith column, we have

Aqi = diqi, (39)

which shows that qi is the eigenvector of A corresponding to di.

2.4 The case of multiple and clustered eigenvalues

Let di be the eigenvalue of A to which a
(k)
ii converges. If di is not a simple eigenvalue, the ith

column of Q(k), which we denote by q
(k)
i , does not converge to a fixed vector in general. Even

if di is simple, if the distance δi to the nearest eigenvalue is very small, the convergence of q(k)

to the eigenvector can be very slow, because the bound in Eq. (38) becomes very large. To
deal with these cases, in this subsection, we consider the convergence of a subspace spanned
by multiple columns of Q(k). In the case of multiple eigenvalues, it is natural to consider the
corresponding eigenspace rather than individual eigenvectors. Also, in the case of clustered
eigenvalues, the convergence of the corresponding eigenspace can be much faster than that of
individual eigenvectors if the cluster is separated from the rest of the eigenvalues.

To be specific, let us define the set of s consecutive column indices, I = {i, i+1, . . . , i+ s− 1},
which is confined within one column block, and consider the convergence of the subspace
spanned by Q

(k)
I = {q(k)

i ,q
(k)
i+1, . . . ,q

(k)
i+s−1}. To this end, we consider the convergence of the

orthogonal projector P(k)
I = Q

(k)
I (Q

(k)
I )⊤ onto this subspace. This is because unlike the or-

thonormal basis, which has a freedom of rotation within the subspace, the orthogonal projector
is determined uniquely from the subspace and there is one-to-one correspondence between them.
Now we prove the following theorem.

Theorem 2.9. Under the same assumption as in Theorem 2.7, assume further that there exists
δI > 0 and for any indices i ∈ I and j /∈ I, |di − dj| ≥ δI. Then, as k → ∞, the orthogonal

projector P(k)
I = Q

(k)
I (Q

(k)
I )⊤ converges to an orthogonal projector onto the subspace SI spanned

by the eigenvectors corresponding to di, di+1, . . . , di+s−1.

Proof. Let k0 be an integer such that ∥off(A(k))∥F ≤ δI/5 if k ≥ k0. In the following, we assume

that k ≥ k0 and consider the transition from P(k)
I to P(k+1)

I .

From Eq. (5), Q
(k+1)
I consists of the ith through (i+s−1)th columns of Q(k)P (k). We consider the

case where these columns are contained in the column block X. The case where these columns
are contained in the column block Y can be treated similarly. When they are contained neither
in column block X nor Y , Q

(k+1)
I = Q

(k)
I since P (k) is identical to In except for the Xth and

Y th column blocks. Let the Xth and Y th column blocks of Q(k) be denoted by Q
(k)
X and Q

(k)
Y ,

respectively, and the local column index of q
(k)
i ,q

(k)
i+1, . . . ,q

(k)
i+s−1 within the n × (2ℓ) matrix(

Q
(k)
X Q

(k)
Y

)
be q, q + 1, . . . , q + s − 1, respectively. Moreover, let

(
Q

(k)
X Q

(k)
Y

)
and P̃ (k) be
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partitioned as

(
Q

(k)
X Q

(k)
Y

)
=
(
Q̃

(k)
J1

Q̃
(k)
I Q̃

(k)
J2

)
, P̃ (k) =




P̃
(k)
J1J1

P̃
(k)
J1I P̃

(k)
J1J2

P̃
(k)
IJ1

P̃
(k)
II P̃

(k)
IJ2

P̃
(k)
J2J1

P̃
(k)
J2I P̃

(k)
J2J2


 , (40)

where the first, second and third column blocks in the right-hand side (and also row blocks for
P̃ (k)) consist of q − 1, s and 2ℓ − (q − 1) − s columns (rows), respectively. Then we have

Q
(k+1)
I =

(
Q̃

(k)
J1

Q̃
(k)
I Q̃

(k)
J2

)



P̃
(k)
J1I

P̃
(k)
II

P̃
(k)
J2I


 = Q̃

(k)
I P̃

(k)
II + Q̃

(k)
J P̃

(k)
J I , (41)

where

Q̃
(k)
J ≡

(
Q̃

(k)
J1

Q̃
(k)
J2

)
∈ Rn×(2ℓ−s), P̃

(k)
J I ≡

(
P̃

(k)
J1I

P̃
(k)
J2I

)
∈ R(2ℓ−s)×s. (42)

From Eq. (41), we obtain
∥∥∥P(k+1)

I − P(k)
I

∥∥∥
2

=
∥∥∥Q(k+1)

I (Q
(k+1)
I )⊤ − Q

(k)
I (Q

(k)
I )⊤

∥∥∥
2

=

∥∥∥∥
(
Q̃

(k)
I P̃

(k)
II + Q̃

(k)
J P̃

(k)
J I

)(
Q̃

(k)
I P̃

(k)
II + Q̃

(k)
J P̃

(k)
J I

)⊤
− Q̃

(k)
I

(
Q̃

(k)
I

)⊤
∥∥∥∥

2

≤
∥∥∥∥Q̃

(k)
I

(
P̃

(k)
II

(
P̃

(k)
II

)⊤
− Is

)(
Q̃

(k)
I

)⊤
∥∥∥∥

2

+

∥∥∥∥Q̃
(k)
I P̃

(k)
II

(
P̃

(k)
J I

)⊤ (
Q̃

(k)
J

)⊤
∥∥∥∥

2

+

∥∥∥∥Q̃
(k)
J P̃

(k)
J I

(
P̃

(k)
II

)⊤ (
Q̃

(k)
I

)⊤
∥∥∥∥

2

+

∥∥∥∥Q̃
(k)
J P̃

(k)
J I

(
P̃

(k)
J I

)⊤ (
Q̃

(k)
J

)⊤
∥∥∥∥

2

≤
∥∥∥∥P̃

(k)
II

(
P̃

(k)
II

)⊤
− Is

∥∥∥∥
2

+

∥∥∥∥P̃
(k)
II

(
P̃

(k)
J I

)⊤
∥∥∥∥

2

+

∥∥∥∥P̃
(k)
J I

(
P̃

(k)
II

)⊤
∥∥∥∥

2

+

∥∥∥∥P̃
(k)
J I

(
P̃

(k)
J I

)⊤
∥∥∥∥

2

, (43)

where we used the fact that both Q̃
(k)
I and Q̃

(k)
J has orthonormal columns and therefore∥∥∥Q̃(k)

I

∥∥∥
2

=
∥∥∥Q̃(k)

J

∥∥∥
2

= 1. To further simplify the last expression, we use the singular value

decomposition P̃
(k)
II = UΣV ⊤ and the fact that

(
P̃

(k)
II

)⊤
P̃

(k)
II +

(
P̃

(k)
J I

)⊤
P̃

(k)
J I = Is. Then,

∥∥∥∥P̃
(k)
II

(
P̃

(k)
II

)⊤
− Is

∥∥∥∥
2

=
∥∥U(Σ2 − Is)U

⊤∥∥
2

=
∥∥Σ2 − Is

∥∥
2

=
∥∥V (Σ2 − Is)V

⊤∥∥
2

=

∥∥∥∥
(
P̃

(k)
II

)⊤
P̃

(k)
II − Is

∥∥∥∥
2

=

∥∥∥∥
(
P̃

(k)
J I

)⊤
P̃

(k)
J I

∥∥∥∥
2

. (44)

Inserting this into (43) and using
∥∥∥P̃ (k)

II

∥∥∥
2

≤ 1 and
∥∥∥P̃ (k)

J I

∥∥∥
2

≤ 1 gives

∥∥∥P(k+1)
I − P (k)

I

∥∥∥
2

≤ 2
∥∥∥P̃ (k)

J I

∥∥∥
2

2
+ 2

∥∥∥P̃ (k)
J I

∥∥∥
2

≤ 4
∥∥∥P̃ (k)

J I

∥∥∥
2
. (45)
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To bound
∥∥∥P̃ (k)

J I

∥∥∥
2
, we use Lemma 2.5. Let us partition Ã(k) in the same way as P̃ (k) is

partitioned in Eq. (40):

Ã(k) =




Ã
(k)
J1J1

Ã
(k)
J1I Ã

(k)
J1J2

Ã
(k)
IJ1

Ã
(k)
II Ã

(k)
IJ2

Ã
(k)
J2J1

Ã
(k)
J2I Ã

(k)
J2J2


 . (46)

We first apply Lemma 2.5 with

B11 = Ã
(k)
J1J1

, B12 =
(
Ã

(k)
J1I Ã

(k)
J1J2

)
, B21 =

(
Ã

(k)
IJ1

Ã
(k)
J2J1

)
, B22 =

(
Ã

(k)
II Ã

(k)
IJ2

Ã
(k)
J2I Ã

(k)
J2J2

)
. (47)

Then, since we have assumed that the columns belonging to the index set I are contained in the
column block X, the columns belonging to the index set J1 are also contained in the column
block X, and therefore B11 = Ã

(k)
J1J1

is diagonal. Moreover, from Corollary 2.3, we have

λmin(B11) = ã
(k)
q−1,q−1 = a

(k)
i−1,i−1 ≥ di−1 −

∥∥off(A(k))
∥∥

F
≥ di−1 − δI/5. (48)

On the other hand, we have from Corollary 2.3,

ã(k)
q,q = a

(k)
i,i ≤ di +

∥∥off(A(k))
∥∥

F
≤ di +

δI
5

. (49)

Hence, again from Corollary 2.3

λmax(B22) ≤ ã(k)
q,q + ∥off(B22)∥F ≤ di +

2

5
δI . (50)

Since di−1 − di ≥ δI from the assumption, Eqs. (48) and (50) show that η in Lemma 2.5 can
be chosen as

η = λmin(B11) − λmax(B22) ≥ di−1 − di − 3

5
δI ≥ 2

5
δI . (51)

Also, √
2∥B21∥F ≤

∥∥off(A(k))
∥∥

F
≤ δI

5
< η (52)

Hence, the assumptions of Lemma 2.5 are satisfied and we have from the lemma,

∥∥∥(P̃ (k)
J1I P̃

(k)
J1J2

)
∥∥∥

F
= ∥P12∥F ≤ ∥B21∥F

η −
√

2∥B21∥F

≤
5
∥∥off(A(k))

∥∥
F√

2δI
≤ 5

√
Sαk

√
2δI

. (53)

Next, we apply Lemma 2.5 with

B11 =

(
Ã

(k)
J1J1

Ã
(k)
J1I

Ã
(k)
IJ1

Ã
(k)
II

)
, B12 =

(
Ã

(k)
J1J2

Ã
(k)
IJ2

)
, B21 =

(
Ã

(k)
J2J1

Ã
(k)
J2I

)
, B22 = Ã

(k)
J2J2

. (54)

Then, by noting that B11 is again diagonal and repeating the same argument as led to (53), we
obtain ∥∥∥(P̃ (k)

J2J1
P̃

(k)
J2I)

∥∥∥
F

≤ 5
√

Sαk

√
2δI

. (55)
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From Eqs. (45), (53) and (55), we have
∥∥∥P(k+1)

I − P(k)
I

∥∥∥
2

≤ 4
∥∥∥P̃ (k)

J I

∥∥∥
2

≤ 4
∥∥∥P̃ (k)

J I

∥∥∥
F

≤ 4

√∥∥∥(P̃ (k)
J1I P̃

(k)
J1J2

)
∥∥∥

2

F
+
∥∥∥(P̃ (k)

J2J1
P̃

(k)
J2I)

∥∥∥
2

F

≤ 20
√

Sαk

δI
. (56)

Thus, for any nonnegative integer m,

∥∥∥P(k+m)
I − P (k)

I

∥∥∥
2

≤
k+m−1∑

j=k

∥∥∥P(j+1)
I − P(j)

I

∥∥∥
2

≤
k+m−1∑

j=k

20
√

Sαj

δI
=

20
√

Sαk

δI

m−1∑

j=0

(
√

α)j ≤ 20
√

Sαk

δI(1 − √
α)

, (57)

showing that
{

P(k′)
I

}∞

k′=k
is a Cauchy sequence. Since the set of orthogonal projectors from Rn

to its s-dimensional subspace is complete, as shown in Lemma 2.6, this sequence converges to
an orthogonal projector PI from Rn to its s-dimensional subspace.

The final task is to show that PI is the orthogonal projector onto the subspace SI spanned by
the eigenvectors corresponding to di, di+1, . . . , di+s−1. To this end, we recall the subsequence
{Q(kp)}∞

p=1 defined in the proof of Theorem 2.7. Since it converges to an orthogonal matrix

Q satisfying Eq. (28), its column vectors q
(kp)
i ,q

(kp)
i+1 , . . . ,q

(kp)
i+s−1 converge to the eigenvectors

corresponding to di, di+1, . . . , di+s−1, respectively, and therefore P(kp)
I = Q

(kp)
I

(
Q

(kp)
I

)⊤
, where

Q
(kp)
I = {q(kp)

i ,q
(kp)
i+1 , . . . ,q

(kp)
i+s−1}, converges to the orthogonal projector onto SI . Noting that{

P(kp)
I

}∞

p=1
is a subsequence of the convergent sequence

{
P(k)

I

}∞

k=1
, we can conclude that PI =

limk→∞ P(k)
I is the orthogonal projector onto SI .
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