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Abstract. In the block version of the classical Jacobi method for the symmetric eigenvalue
problem, the off-diagonal elements of the iterate matriz A%®) converge to zero. However, this
does not necessarily guarantee that A%®) converges to a fized matriz. In this report, we prove
that A®) actually converges to a fized diagonal matriz, whose diagonal elements are the eigen-
values of the input matriz A®). In addition, it is shown that for a simple eigenvalue, the
corresponding column of the accumulated orthogonal transformation matriz Q%) converges to
the corresponding eigenvector. For multiple eigenvalues, the orthogonal projector constructed
from the corresponding columns of Q%) converges to an orthogonal projector onto the eigenspace
corresponding to those eigenvalues.

1 Introduction

Consider the block version of the classical Jacobi method for the symmetric eigenvalue problem,
in which the off-diagonal block with the largest Frobenius norm is annihilated at each step. In
our previous papers [7, 8, 9], we were mainly concerned with the convergence of the off-diagonal
norm of the iteration matrix A®*) to zero. However, this does not necessarily guarantee that A®*)
converges to a fired diagonal matrix. In this report, we show that A®) actually converges to a
fixed diagonal matrix D and its diagonal elements are the eigenvalues of the initial matrix. This
is proved regardless of the multiplicity of the eigenvalues. Furthermore, in the case of simple
eigenvalues, we also show that the accumulated orthogonal transformation factor converges to
the eigenvector matrix. It should be easy to extend these results to the parallel block Jacobi
eigenvalue algorithm with greedy implementation of parallel dynamic ordering (GIPDO) [1, 2].
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In the following, we denote the identity matrix of order n by I,, and the m X n zero matrix by
Omn. For a square matrix A, off(A) denotes its off-diagonal part. For a real symmetric matrix
A, we denote its smallest and largest eigenvalues by Apin(A) and Apax(A), respectively.

2 Convergence analysis

2.1 Preliminaries

Here we recall several theorems and lemmas to be used in the following subsections. In the
following, we consider applying the classical block Jacobi method to a symmetric matrix A =
A©® ¢ R™™ partitioned into a w x w block structure (w > 2). For simplicity, we assume that n
is divisible by w and consider only equally sized blocks of ¢ x ¢, where ¢ = n/w, but extension
to a more general case is obvious. The matrix after the kth step is denoted by A®). We also
assume that the diagonal blocks of A are diagonalized before the first step and the diagonal
elements in each diagonal block are ordered non-increasingly. Hence, the diagonal blocks of
A®) remain diagonal throughout the computation.

Each step of the classical block Jacobi method proceeds as follows. We first choose the off-
diagonal block of A®) with the largest Frobenius norm from the upper triangular part. Let the
chosen block be Aglg/ (X <Y). We then form a 2 x 2 block matrix

R A(k) A(k)
Ak = ( Aﬁ%{ Aﬁg c R20x2 (1)
vx “yy
and compute its orthogonal eigenvector matrix
. pk) - plk)
Pk = ( P)((k))( P)(%/ c R2%2C, (2)
vx Lyy

In this paper, we choose the sign of each eigenvector in P® g0 that the diagonal elements of

fj(k) is nonnegative. Note that Ag]g( and Agfy are diagonal as we stated above. Now we embed
P®) into I, to obtain an n x n orthogonal matrix P*) and compute A**V as

AR+ (p(k’))TA(k)p(k). (3)

It is easy to see that A® is updated as

where Ag?}l) and Aﬁ“‘j Y are diagonal. At the same time, P*) is accumulated as
QU+ = Q) p(k), (5)
with Q) = I,.

We first quote a theorem on the global convergence of the classical Jacobi method [12].
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Theorem 2.1. In the classical block Jacobi method, ||off(A®)||z satisfies the following inequal-
ity and therefore converges to zero as k — 0o.

loff (A®)|I7 < alloff(A®)], (6)

where 5
=1-— < 1. 7
“ w(w — 1) = (7)

Specifically, letting S = ||off(A)||%, we have
loff(AM) |7 < Sak. (8)

The next theorem and its corollary will be used to prove the convergence of the diagonal
elements of A®)

Theorem 2.2 (Hoffman-Wielandt theorem [6]). Let B,C € R™™ be symmetric matrices and
{N(B) Yy and {\(C)}, be their respective eigenvalues. Also, let S, denote the permutation
group of {1,2,...,n}. Then,

minz [Mi(B) = Ao (O)* < [|1B = Clf5 (9)

Corollary 2.3. Let {\;(B)}, and {\;,(C)}, be ordered non-decreasingly (or non-increasingly).
Then,

Z Xi(B) = M(O) < 1B = ClE (10)

Proof. We show that (i) = i attains the minimum in the left hand side of (9) by induction.
Let o* be one of the permutations that attains the minimum of the left hand of (9). Assume
that 0*(1) # 1. Then there are indices 2 < 7, j < n such that ¢*(1) =i and 0*(j) = 1. Now we
modify o* to 6* so that 6*(1) =1, 6*(j) =i and 6*(k) = o*(k) for k # 1, j. Then, we have

n

> (B) = A (O) — Z Xi(B) = A= i) (O)*

= {IM(B) = Ao 1< )2+ |A\(B) — 0)\2}
—{IM(B) = o= (C >P+M( ) \2}
= {|M(B) - A(C)I2+|A(B |} {|A1 A(CO)P + X\ (B) = (O}
= =2\ (B)N(C) = 2)(B)M(C )+2>\1(B)>\1(C)+2AJ(B))\1(C)
= 2{M(B) = ;(B)} {M(C) = X(C)} = 0, (11)

which shows that ¢* also attains the minimum. Hence, by regarding 6* as ¢*, we can assume
without loss of generality that o*(1) = 1. By repeating this process, we can modify ¢* so that
o*(i) =4 (1 = 1,2,...,n) without increasing the value of >_1" | [X\i(B) — Ao+ (C)]?. O

The next theorem will be used in subsection 2.3 to prove the convergence of the columns of
Q™) corresponding to simple eigenvalues.



Theorem 2.4 (sin© theorem [10]). Let B € R™ ™ be a symmetric matriz and 'y € R™
be a vector with ||y|| = 1. Define p = y'By and r(y) = By — py. Now, let u; be the
eigenvalue of B that is closest to p, x; be the corresponding eigenvector, = Z(y,x;) and
gap(p) = miny, -, |pt; — p|. Then the following inequality holds.

[r(y)|l
gap(p)

|sinf] <

(12)

Now we move to results that will be used in subsection 2.4. Let us consider a symmetric 2 x 2
block matrix
Bi1 B
B = 13
( By Bao (13)

and denote its eigendecomposition as

B=PDPT, (14)

Py Pro Dy O
P = d D= 15
(P21 P22> o ( O Day (15)
are orthogonal and diagonal matrices, respectively. The next lemma is used to bound the norm
of the off-diagonal blocks of the eigenvector matrix P.

where

Lemma 2.5. Assume that 1 = Apin(B11) — Amax(B22) > 0 and 2||Bat||lr < 1. Assume
further that the diagonal elements of D are arranged in non-increasing order. Then, || Pis||r =

| Par||p < || Batllr/(n — V2|| Bar || ).

Proof. Since P is also an eigenvector matrix of the shifted matrix B’ = B + sI for any s, we
shift B so that By, is positive definite and denote the shifted diagonal blocks by a prime. Then,
Amin(B11) — Amax(Bby) = n. Now we rewrite the shifted version of Eq. (14) as follows.

By, B Py P\ _ [ Pu P Dy O (16)
By By, Py1 Py Py Py O Dy )

By focusing on the (2, 1) block, we have the following Sylvester equation for Py:
Py Dy — By Poy = By Pyy. (17)

We bound || Py || using the technique in the proof of [3, Theorem 5.1]. Letting 5 = Apax(Bbs),
we have

| B Parl|p < || By ll2l| Porl| p = B Par| - (18)

Now we bound ||Py Di;||r from below. Since all eigenvalues of Bj; are larger than those
of B, and the diagonal elements of D’ are non-increasingly ordered, we can apply Corol-
lary 2.3 to diag(B},, B)y) and D’ to show that all eigenvalues of D}, are within distance of
VIIBiall% + |Bal|% = V2||Ba||r from some eigenvalue of Bj;. Hence, Apin(D};) > 8+ 1 —
V2||Bar||F and || D4, e < (B + 1 — V/2||Bar || )" Thus, it follows that

1Porlle < 1P D3 || l1 Dyl < (841 = V2] Bar|#) ™M | Pea Dl e (19)



and

|1Po1 DYyl > (B + 1 — V2| Baa || ) || Poa || - (20)

From Eqgs. (17), (18), (20) and || P11||2 < 1, we have
|Barllr > || Bar Prillp = | P Dy llp — | BhoParllr > (7 — V2| Bax || #) | Pt || - (21)
Il

This result is a variant of the famous theorem of Davis and Kahan on the Sylvester equation
AX —XB = C [3, Theorem 5.1], in which the 2-norm is used for D/, and B}, and the Frobenius
norm is used for By; and Ps.

The final Lemma in this subsection concerns the completeness of the set of orthogonal projec-
tors.

Lemma 2.6. Let P, ,,, C R™™ (m < n) be the set of all orthogonal projectors from R™ to its
m-dimensional subspace. Then P, is complete with respect to the metric in R™" induced by
the 2-norm or the Frobenius norm.

Proof. We first prove the lemma for the Frobenius norm. In this case, R™*™ can be identified
with the Euclidean space R™. Then, since any closed set of a Euclidean space is complete, all we
need to show is that P, ,, is a closed set, that is, if P p® e Prm and limy_, o pk) = p(o)
(that is, limy_ [|[P® — P()||p = 0), then P(>) € Py.m- First, we note that any P € P, ,, can
be written as P = YY T, where Y € R™™ and the columns of Y are an orthonormal basis of the
m-dimensional subspace onto which P projects a vector in R". From this expression, it is clear
that P is symmetric and has an eigenvalue 1 with m-fold degeneracy and an eigenvalue 0 with
(n—m)-fold degeneracy. This is also true of P, P?) .. Now, since lim,_,, || P*) —P(>)|| = 0,
each element of P*) converges to the corresponding element of P(>). Then, since the eigenvalues
of a matrix is a continuous function of its elements, P> also has an eigenvalue 1 with m-fold
degeneracy and an eigenvalue 0 with (n — m)-fold degeneracy. Also, it is clear that P(>)
is symmetric. Hence, by letting m orthonormal eigenvectors of P corresponding to the
eigenvalue 1 be y§°°),y§°°), oy and Y = [y%oo), yéoo), . ,y,(noo)], we can write P as
P®) = Y)Y ()T This means that P € P, ,,. The lemma for the 2-norm follows easily
because for finite-dimensional matrices, the 2-norm and the Frobenius norm is equivalent, i.e.

|All2 < ||Allr < v/nl|A||2 for any A € R™*". ]

2.2 Convergence of the diagonal elements of A*)

Regarding the convergence of the diagonal elements of A®) we have the following theorem.
Note that here we do not make any assumptions on the distribution of the eigenvalues of A.
Hence, the cases of multiple or clustered eigenvalues are also considered. The theorem will
be proved by combining Corollary 2.3 with a technique developed in [11] for the point Jacobi
eigenvalue algorithm.

Theorem 2.7. Assume that ]Nf(k) at each step is computed in such a way that the diagonal
elements of AR+t = (PUNTAR P®) s ordered non-increasingly. Then, as k — oo, A®)
converges to a diagonal matriz D. The diagonal elements of D are the eigenvalues of A.
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Proof. Consider the~tran81t10n from A® to AF+D The - only diagonal elements that change are
those belonging to A®). Let the diagonal elements of A®) and A (k+1) he denoted by {aqq

q 1
and {a(k+1 2L, respectively. To bound the change ]a (hH) _ Gk |, we use Corollary 2.3. Let
(k)
B=AW  C= Axx %) : (22)
O Ayy

Then, since A® and A®+1 are similar (see Eq. (4)) and A+ is diagonal the eigenvalues
] )}2Z , since A( yx and A Y are diagonal.
Moreover, both of these diagonal elements are ordered non-increasingly from the assumption.

Hence, we can use Corollary 2.3 to obtain

of B are {a(l€+1 2t . The eigenvalues of C are {aqq

ZW“ z < |B-Cll%
< ARV + I AVX I
< [loff(AM)|* < Sa¥, (23)

where we used Eq (8) in the last 1nequahty Combining this with the fact that the diagonal
elements of A®) not contained in A® are unchanged, we have

aF) — o < VSak (i=1,2,...,n). (24)

0 (22 —

Now, let m be any nonnegative integer. Then,

k+m—1 k+m—1 m
|a({€+m) _ CL(-(C)| < Z | ]+1 | < Z \/_ / (\/_> < Sak (25)
i P — — \/& 1 — \/a7

showing that {ag»C )}20:1 is a Cauchy sequence for 1 < i < n. Hence, it converges to a constant
d;.
The next task is to show that d; is an eigenvalue of A. Let D = diag(dy,ds,...,d,). Then,

lim A® = lim (Q®)TAQW® = D. (26)

k—o0 k—o0

Here, {Q(k)}z"zo is generally not convergent. However, since Q) is an orthogonal matrix for any
k and the set of orthogonal matrices is a compact set, we can choose a subsequence {Q(kl’)

that converges to some orthogonal matrix (). For this subsequence, it also holds that -
Tim (Q)TAQ%) = D. (27)

Since the left-hand side is equal to QT AQ, we finally obtain
Q'AQ=D (28)

for a diagonal matrix D and an orthogonal matrix (). This shows that the diagonal elements
dy,ds, ..., d, are the eigenvalues of A. O



2.3 Convergence of the columns of Q* corresponding to simple
eigenvalues

Let q ) be the ith column of Q™. Also, as in Theorem 2.7, let d; denote the eigenvalue of

A to Wthh az(-l-) converges. In this subsection, we consider the convergence of qgk) in the case
where d; is a simple eigenvalue. Note that other eigenvalues of A can be multiple or clustered.
We have the following theorem.

Theorem 2.8. Under the same assumption as in Theorem 2.7, if d; is a simple eigenvalue of
A, then qgk) converges to the eigenvector of A corresponding to d; as k — oo.

Proof. Let §; be the smallest distance from d; to other eigenvalues of A and kg be an integer
such that |Joff(A®)|r < 6;/4 if k > ko. In the following, we assume that k > ko and consider

the transition from qz(»k to qgkﬂ

From Eq. (5), ql(kﬂ) is the ith column of Q® P®)  We consider the case where the column 4
(k+1) (k)

belongs to either column block X or Y; 0therw1se, q; = q; since P is identical to I,
except for the Xth and Yth column blocks. Let the Xth and Yth column blocks of Q) be
denoted by Qg’;) and ng), respectively, and the local column index of qgk) within the n x (2¢)

matrix (le;) gf)) be q. Then we have

0 = (Q¥ o) e, o = (Q¥ @), (29)

where €, and f)((]k) are the gth columns of Ir, and P®), respectively. By noting that the matrix

( g’;) ng )> has orthonormal columns, we obtain

o —al = [ (@ @) 0 — &) = Ip —el. 0

To bound the right-hand side, we use Theorem 2.4. By putting B = A® and y = e, in
Theorem 2.4, we have
(k)

i )

r(y) = By-—py=al —als,, (31)

p = TBy—a(k)—a

where & is the gth column of A®. Hence,

2

)l = | 3 ()| < IoBAD) < Solofi(AW)]r < /3505 (2

j=1
Jj#a

On the other hand, from Eq. (23), we obtain

- - 0;
|a((112+1) — gk |a (k+1) | < ||0ff( k:))”F < T (33)

qq|_



It also holds that |C~L((1];) —di| = |agC ) d;] < 6;/4. To see this, consider the Hoffman-Wielandt
theorem with B = A®) and C = diag(ag1 ,ag;), o ,ag%)). al(f) is an eigenvalue of C' and d; is an
cigenvalue of B. If |a{¥ — d;| > 6;/4, there must be another eigenvalue d; of B, which is distant
from d; at least by ¢;, such that |a§f) — d;| < 9;/4. But, then, due to the inequality (33),
(k+1) (k+1) () (k) 0; 0

ja; = di| = |dj = di —az; " —ag; | = ag; d|>§ e (34)
Hence, it follows that |agf ) d;| > §;/4 for any k' > k, but this contradicts to the assumption
that al(-f ) converges to d;.

Now we consider another diagonal element gt of A (k+1) " where r # ¢. Then, again from
the Hoffman-Wielandt theorem, with B = A*®*V and C = dlag(alﬁﬂ), aggﬂ), ey agffl)), there
must be another eigenvalue d; of A (and therefore of A¥®*1) such that ]a(kH —ds| < 6;/4,

~ (k+1)

because d; must be associated with aqq . Hence,

al ) —al| > |d; — dy| — [at — dy| — |al) — di| > 6;/2. (35)

Egs. (33) and (35) show that a(kH) = agf ™) is the eigenvalue of A®) closest to a\ and all
other eigenvalues are distant from alt by at least d; i/2. Thus, gap( ) > 0;/2. Noting that the

eigenvector of A®) corresponding to the eigenvalue aéqﬂ) is pq ) and defining § = Z(e,, pgk)),
we obtain from Theorem 2.4,

[ _ v25a*
gap(p) = &

Ising| < (36)

Note that, since we have chosen the sign of the eigenvector f)ék) so that its qth element is

nonnegative (see subsection 2.1), the inner product (f)gk))Téq is nonnegative and hence cos 6 > 0.

Inserting these results into (30) gives

(k+1) k . .
la*™ —a”l* =[5 &
= B2 —2(B) " &, + [l&,
= 2(1 —cosf)
45a”
< 2(1 —cos? ) = 2sin? 0 < 5?, (37)

where we used 1 < 1+ cosé in the first inequality. Now, let m be any nonnegative integer.

Then,
k+m—1 k+m—1 . -
(km) _ (k)| < (j+1) (j) < 2V Sad - 2V Sa 28
la q | < ; o q;”|| < ; S Rt (38)

N 00
This shows that {qﬁk )} is a Cauchy sequence and therefore converges to a constant vector
k'=k

q; as k — oo.

The remaining task is to show that q; is the eigenvector of A belonging to the eigenvalue d;.
Let us recall the subsequence {Q(’“P)}gozl defined in the proof of Theorem 2.7. It converges to



an orthogonal matrix Q satisfying Eq. (28). Moreover, since it is a subsequence of {Q®}%°
its ith column converges to q;. Hence, by premultiplying both sides of Eq. (28) by @ and
extracting the ith column, we have

Aq; = diq;, (39)

which shows that q; is the eigenvector of A corresponding to d;. O]

2.4 The case of multiple and clustered eigenvalues

Let d; be the eigenvalue of A to which agf )

column of Q™ which we denote by q(k

converges. If d; is not a simple eigenvalue, the ith
i ), does not converge to a fixed vector in general. Even
if d; is simple, if the distance d; to the nearest eigenvalue is very small, the convergence of q*)
to the eigenvector can be very slow, because the bound in Eq. (38) becomes very large. To
deal with these cases, in this subsection, we consider the convergence of a subspace spanned
by multiple columns of Q®). In the case of multiple eigenvalues, it is natural to consider the
corresponding eigenspace rather than individual eigenvectors. Also, in the case of clustered
eigenvalues, the convergence of the corresponding eigenspace can be much faster than that of
individual eigenvectors if the cluster is separated from the rest of the eigenvalues.

To be specific, let us define the set of s consecutive column indices, Z = {i,i+1,...,i+s— 1},
which is confined Wlthln one column block, and consider the convergence of the subspace
spanned by Q(z { q; +17 o ,qﬁ)s,l}. To this end, we consider the convergence of the
orthogonal projector Pék) = (Ik)( (Ik))T onto this subspace. This is because unlike the or-
thonormal basis, which has a freedom of rotation within the subspace, the orthogonal projector
is determined uniquely from the subspace and there is one-to-one correspondence between them.

Now we prove the following theorem.

Theorem 2.9. Under the same assumption as in Theorem 2.7, assume further that there exists
oz > 0 and for any indices i € T and j ¢ Z, |d; — d;| > 6z. Then, as k — oo, the orthogonal
projector Pék) = Q(Ik)(Q(Ik))T converges to an orthogonal projector onto the subspace St spanned
by the eigenvectors corresponding to d;, d;vq, ..., divs 1.

Proof. Let ko be an integer such that ||off (A )HF < 07/5if k > ko. In the following, we assume
that k > ko and consider the transition from 77% to 73 (1)

From Eq. (5), Q%™ consists of the ith through (i-+s—1)th columns of Q® P®) We consider the
case where these columns are contained in the column block X. The case where these columns
are contained in the column block Y can be treated similarly. When they are contained neither
in column block X nor Y, Q)5 (bt1) _ Q(k since P®) ig identical to I,, except for the Xth and

Y'th column blocks. Let the Xth and Yth column blocks of Q®) be denoted by Q Y and QY

respectively, and the local column index of qgk),qgﬁ)l, . ,qgi)s_l within the n x (2¢) matrix

( g?) ng)) be ¢,g+ 1,...,q + s — 1, respectively. Moreover, let < g’? Q@) and P® be



partitioned as

H(k H(k H(k
PO ) pd

R ~ ~ R T TN QYL
@ -@ae), (BB w

p(k) (k)
J21 PJQI PJQJQ

where the first, second and third column blocks in the right-hand side (and also row blocks for
P®) consist of ¢ — 1, s and 2¢ — (¢ — 1) — s columns (rows), respectively. Then we have

P
(k+1) S0 S(k) k) | Ak Dk
A= (A5 & AR | By | PR+ QPP (41)
PJ72I
where "
Qf}f) = (QE’Z) Q\(}?) e IRnX(QZfs)7 ij?’ = ( N{];)I ) c R2l=s)xs (42)
NpYA

From Eq. (41), we obtain

i

k+1 k+1 k k
FU@RET)T - @@

= |(@9PR +QPPY) (PP + QPEY) - Q) (@)
< Jov (e (P2) 1) (@)
wlarr () (&)
PO (P9) -1, +‘ ~
2
()| + P (p)
2
where we used the fact that both Q(Ik) and Qgﬁ) has orthonormal columns and therefore

o1, - o1
decomposition Pz = UXV" and the fact that (P )> P( )+ <P;(7kz)> P(I) = I,. Then,

i

+ , (43)

2

= 1. To further simplify the last expression, we use the singular value

- - T
() -1 = e,

2

= [1=* =L,
= v -1 VTHQ
T
N
2
Inserting this into (43) and using HZSI(?H <1 and Hpékz) < 1 gives
2 2
(k+1 k 50 || 5(k
el o L S e A | B ()
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To bound ‘P}kz) , we use Lemma 2.5. Let us partition A®) in the same way as P®) g

partitioned in Eq. (40):

1(k q1(k q1(k
AB_ 4B AW

i (k) Sl
Pl ) "
Aj2jl AJQI AJ

We first apply Lemma 2.5 with

i (k) k) (k)
— AW k) k) [ Azz [ A A7
Bu = AJMU By = (A AJJ) By = ( A(Zk:{ ) , Boy = ( AE?I Agﬂz ) . (47)
2 2J2

Then, since we have assumed that the columns belonging to the index set Z are contained in the
column block X, the columns belonging to the index set J; are also contained in the column
block X, and therefore By; = A(J)Jl is diagonal. Moreover, from Corollary 2.3, we have

)\min<Bll) - gl((lkf)qul — az(»li)lﬂ-_l Z difl - HOH(A(k HF > dz 1 — (5[/5 (48)

On the other hand, we have from Corollary 2.3,

0.
i) = ¥ < i+ ot (4], <+ 2. ()
Hence, again from Corollary 2.3
Amasx(Baz) < ally) + [loff (Bao)|| < di + 52 (50)

Since d;_1 — d; > 7 from the assumption, Eqgs. (48) and (50) show that 1 in Lemma 2.5 can
be chosen as

3 2
N = Amin(B11) — Amax(Ba22) > di—y — d; — 551 > 551- (51)
Also,
or
V2||Bar| < [Joff(A®)|| . < = <1 (52)

Hence, the assumptions of Lemma 2.5 are satisfied and we have from the lemma,

(k)
| = Pl < —1Z2le _  SPAAD,  5vSat

SRl S v v Y

k) k)
H<P\71I lejz)
Next, we apply Lemma 2.5 with
Ak q(k) A% ) ) (k)
B = ( AWt W)y Be=|{ A | Ba= (A:wl A321>’ By = Agyz,- (54)
T T

Then, by noting that By; is again diagonal and repeating the same argument as led to (53), we

obtain
5\/
f 51

k) Bk
|25 P2, <

J2J1 (55)
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From Eqgs. (45), (53) and (55), we have

(k+1 k
i

<4fpiaf, < 4P,
2 Iy — JT

2
pk) - pk) pk)  plk)
< \/H PJI > H +H Pra PJQI)HF
< — 56
< S (56)
Thus, for any nonnegative integer m,
k—l—m 1
[EA S MDY

k*’”lzo\/@ 20V Sak T2 - 20VSak
2 T T LYsgno e 6D

j=k =0

showing that {P}k,) } is a Cauchy sequence. Since the set of orthogonal projectors from R”

to its s-dimensional subspace is complete, as shown in Lemma 2.6, this sequence converges to
an orthogonal projector Pz from R" to its s-dimensional subspace.

The final task is to show that Pz is the orthogonal projector onto the subspace S7 spanned by
the eigenvectors corresponding to d;,d;.1,...,d;1+s—1. To this end, we recall the subsequence
{Q») 192, defined in the proof of Theorem 2.7. Since it converges to an orthogonal matrix

Q@ satisfying Eq. (28), its column vectors q( ),q( p), e ,q( ") converge to the eigenvectors
ymg 3 1+1 i+s—1 g g
-
corresponding to d;, d;y1, ..., d;1s 1, respectively, and therefore Pékp) = (Ik") ( (Ik”)> , Where

Q(Ik = {q(kp), qg_kfl), o ,qgi’;)_l}, converges to the orthogonal projector onto Sz. Noting that

o
{PI } is a subsequence of the convergent sequence {Pék)} , we can conclude that Pr =
p:l k=1

limg o0 Pék) is the orthogonal projector onto S7. O]
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