f-DIVERGENCES - REPRESENTATION
THEOREM AND METRIZABILITY

Ferdinand Osterreicher
Institute of Mathematics, University of Salzburg, Austria

Abstract

In this talk we are first going to state the so-called 'Representation
Theorem’ which provides the representation of general f-divergences in
terms of the class of elementary divergences. Then we consider the risk
set of a (simple versus simple) testing problem and its characterization
by the above mentioned class. These ingredients enable us to prove a
sharpening of the 'Range of Values Theorem’ presented in Talk 1.

In the sequel, necessary and sufficient conditions are given so that
f-divergences allow for a topology, respectively a metric. In addition,
sufficient conditions are given which permits a suitable power of an f-
divergence to be a distance.

Finally, we investigate the classes of f-divergences discussed in Talk 1
along these lines.

This talk was presented while participating in a workshop of the Re-
search Group in Mathematical Inequalities and Applications at the Vic-
toria University, Melbourne, Australia, in November 2002.

Let Q = {z1,22,...} be aset, P(Q) the set of all subsets of Q , P the
set of all probability distributions P = (p(z):2 € Q) on Q and P? the set
of all (simple) testing problems.

Furthermore, let Fy be the set of convex functions f : [0, 00) — (—00, 0] con-
tinuous at 0 and satisfying f(1) = 0, f* € Fy the *-conjugate (convex)
function of f and f=f+ f*.

1 REPRESENTATION THEOREM

1.1 REPRESENTATION BY ELEMENTARY DIVERGENCES

At the beginning we investigate the f-divergences of the Class (IV) of Elemen-
tary Divergences given by

fi(u) = max(u—t,0), t >0



and the divergences of the associated class of concave functions

g(uw) = fi(0) +uff(0) — fi(u) = u — max(u —¢,0)
= min(u,t), t>0.

Let A;={q>tp} and A = {q>tp} . Then the corresponding divergences
are, as can easily be verified, the "Measures of Similarity’

@Q—-tP)r () = Zmax x) — tp(x),0)

= Q (Ar) —tP (Ay)

and the "Measures of Orthogonality’

b(Q,tP) = > min (q(x),tp(x)) = Q(AF) + tP(A)

zeQ

respectively. Obviously it holds
Q(A%) +1P(A) = b(Q,tP) V A P(Q)
with equality iff A, C A C A;” .

Remark 1: a) Let A be a test, i.e. a subset A C Q so that we de-
cide in favour of the hypothesis @ if x € A is observed and in favour
of P if x € A® is observed. Then P(A) and Q(A°) is the probability of type
I error and type II error respectively. Furthermore, let us associate with ¢ > 0 a

probability distribution (ﬁt’ ﬁ) on the set {P,Q} C P of the given test-

ing problem (P,Q) . Then 5 P(A) + 5Q(A°) is the Bayes risk of the

test A with respect to the prior distribution (1+t7 1+t)

is the corresponding minimal Bayes risk.

b) As can easily be seen from
|u — 1] = max(u — 1,0) + max(1 — u,0)

the special case of the term (Q —tP)" (Q) for ¢ = 1 is half of the Total
Variation Distance of P and @ , i

(Q-P)" () =V(Q,P)/2

c) The general term (Q — tP)Jr () can be described more appropriately
in the language of measure theory as the total mass of the positive part of
the signed measure @ — tP . Note in this context that there is an interest-
ing correspondence between the Neyman-Pearson lemma in statistics and the
Radon-Nikodym theorem in measure theory. For details we refer to Osterreicher
& Thaler (1978).

Consequently 7 +tb(Q tP)



Representation Theorem (Feldman & Osterreicher (1981)) ': Let f €
Fo andlet D, f denote the right-hand side derivative of the convex function f. Then

[ (@Q.P) = / " min(L, 1) — (@, tP)]dD, £ (1)

/OOO {(Q —tP)* (Q) — (P —tP)* (Q)} dD f(t) .

Remark 2: a) The main ingredients of the proof are the following obvious
representation of convex functions f € F satisfying f(0), D4 f(0) € R

0) = (0)+ uD- f0) + | max(u—1,0) dD- £(0)

and Fubini’s theorem.

b) Provided f(0) < co the Representation Theorem for the "Measure of
Orthogonality’ has the form

1(@Q.P) (= fo) - 15@.P) = [ T b(Q.1P) dD, £ (1)

1.2 RISK SETS
Definition: Let (P,Q) € P? be a testing problem. Then the set

R(P,Q) = co{(P(4),Q(A%)) : A B(Q), P(A)+Q(A°) <1}

is called the risk set of the testing problem (P,Q) , whereby ’co’ stands for
'the convex hull of’.

The bulkiness of a risk set provides a measure for the deviation of P and @ . In
fact, the family of risk sets define a uniform structure on the set P . Cf. Linhart
& Osterreicher (1985).

Properties of Risk Sets
(R1) R(P,Q) is a convex subset of the triangle A = {(a, 8) € [0,1]* : a+ 3 < 1}
containing the diagonal D = {(oz7 B)e0,1?:a+ 8= 1} . More specifically it
holds
DC R(P,Q)CA

with equality iff P =@ and P L ) respectively.

(R2) Let t >0 and b(Q,tP) be the (1 + t)-multiple of the minimal Bayes risk

with respect to the prior distribution (l%rt, %th) . Then the risk set R(P, Q) of

a testing problem is determined by its family of supporting lines from below,
namely

B=bQ,tP)—t-a, t>0.

1Cf. also Osterreicher & Vajda (1993)




(R2) and the Representation Theorem imply that an f-divergence I;(Q,P)

depends on the testing problem (P,Q) only via its risk set R(P,Q) 2. In fact,
the following holds.

Remark 3: Let R(P,Q) and R(P,Q) be two testing problems. Then
obviously

R(P,Q)2 R(P,Q) <+ b(Q,tP) <b(Q.tP) Yt>0
and hence by virtue of the Representation Theorem
R(P,Q)2R(P,Q) = 1;(Q.P)=1;Q.P)

If, in addition, f is strictly convex and I f(Q7 P) < 0o then equality holds for
the f-divergence iff it holds for the risk sets.

1.3 REFINEMENT OF THE RANGE OF VALUES THEO-
REM

Let 0 <2z <1 andlet a € [0,1—x], P, = (o, 1 — @) and consequently P,i, =
(o + 2,1 — (v + x)). Then the testing problem (P4, P,) has the risk set

R(P,, Pots) = co{(0,1),(a,1 — (z + )),(1,0)} ,

the f-divergence

1 —«

If(PaJ“”’P“):O‘f(l"‘Z)+(1—a)f(1_ T )

and consequently the Total Variation Distance V (Pyiy, Py) = 2z .
On the other hand let Py = (0,1 —z,2) and Q) = (z,1 —2,0). Then
the testing problem (P(;),Q()) has the risk set

R(P), Q) = c0{(0,1),(0,1 —x),(1 —x,0),(1,0)} ,

the f-divergence 5

I(Play, Q) = f(0) -
and consequently the Total Variation Distance V(P),Q)) = 2 -2 which
equals V(Py1y, P,) . Therefore every testing problem

(P,Q) € P such that R(P,,P.+z) € R(P,Q) C R(P(w), Q(w))
satisfies

V(Q,P)=2x and  I;(Py,Pays) < I;(Q,P) < f(O) -z .

2This fact and Remark 3 match the properties (a) and (b) of the Characterization Theorem
presented in Talk 1.



Now let
cr(z) =min{l; (Pyts, Po) : 0<a<1l-—z} .

Then every testing problem (P,Q) with Variation Distance V(Q,P) =
2x satisfies B
cp(x) < Ip(Q, P) < f(0) -z .

Since obviously c¢y(0) = f(1) =0 we have achieved the following

Refinement of the Range of Values Theorem (Feldman & Osterreicher
(1989): Let the function ¢y : [0,1] — R be defined as above. Then

cr (V(Q.P)/2) < 1; (Q.P) < f(0)-V(Q,P)/2 .

The function ¢y is characteristic for the f-divergence and therefore impor-
tant for more elaborate investigations.

Properties of c¢; : Let f € Fy . Then the function c¢f :[0,1] — R has
the following properties:

a
@ 0< f(l—2) <eplw) Vael0]]
with strict second inequality for x € (0,1] if f isstrictly convex at 1. Further-
more ¢f(0) =0 and ¢f(1) = f(0),
(b) ¢; is convex and continuous on [0,1],
(c) ¢y isincreasing (strictly increasing iff f is strictly convex at 1) and
(d) ¢+ =¢f < %Cf" . If, in addition, f* = f then

er(o) = yesa) = (1)1 (15) -

2 METRIC f-DIVERGENCES

2.1 GENERATION OF A TOPOLOGY

Let both © and f € Fy be non-trivial, P be the set of all probability
distributionson Q, PP and >0,

Up(Pe) ={Q € P: I; (Q, P) < ¢}
be an I¢-ball around P with radius ¢,
Vi(P) = {Uy(P.e) : = > 0}
the set of all such balls and

Us(P) ={U CP:3V € Vs(P) suchthat V C U}



the associated system of neighbourhoods of P .

Definition: f issaid to generate a topology Ty on P it {U;(P): P € P} ge-
nerates a topology on P .

In the following we state two criteria under which f generates a topology
Tp on P.

Theorem (Csiszdr (1967)): Let € be infinite and f € Fo . Then
f generates a topology on P iff (i) f is strictly convex at 1 and (iii)) f(0) <
00 .

Theorem (Kafka (1995)): Let Q be finite and f € Fy . Then f generates
a topology on P iff (i) f is strictly convex at 1.

Corollary of the Refinement of the Range of Values Theorem: If the
properties (i) and (iii) are satisfied then the topology on P generated by f
coincides with the topology induced by the Total Variation Distance.

2.2 BASIC PROPERTIES AND RESULTS

In the sequel we assume 2 to be infinite and f € Fy to satisfy (without
loss of generality) f(u) > 0 V u € [0,00) . We consider the 'Measures of
Similarity’ and concentrate especially on those (further) properties of the convex
function f which make metric divergences possible.

As we know already Iy (Q,P) fulfils the basic property (M1) of a metric
divergence, namely

I;(Q,P)>0 VP QeP withequalityif Q=P, (M1)

provided (i) f is strictly convex at 1.

In addition Iy (Q,P) is symmetric, i.e. satisfies
I;(Q,P)=1;(P.Q) YPQEP (M2)

iff (ii) f is *x-self conjugate, i.e. satisfies f = f* .

As we know from Csiszdr’s Theorem f allows for a topology (namely the
topology induced by the Total Variation Distance) iff, in addition to (i), (iii) f(0) <
oo holds. Therefore the properties (i), (ii) and (iii) are crucial for f € Fy to

allow for the definition of a metric divergence.

Now we state two theorems given in Kafka, Osterreicher & Vincze (1991).
Theorem 1 offers a class (iii,), « € (0,1] of conditions which are sufficient
for guaranteeing the power [I;(Q,P)]” to be a distance on P . Theorem 2
determines, in dependence of the behaviour of f in the neighbourhood of 1 and
of g(u) = f(0) (14 u)— f(u) in the neighbourhood of 0 , the maximal «
providing a distance.



Theorem 1: Let « € (0,1] and let f € Fy fulfil, in addition to (ii), the
condition

Q=

(I—u®)
f(w)

(iii,er) the function h(u) =
Then

, u € [0,1), is non-increasing.

pa(va) = [If(QwP)}a

satisfies the triangle inequality

Pa(@, P) < pa(Q,R) + pa(R,P) VPQREP. (M3,a)

Remark 4: The conditions (ii) and (iii,«r) imply both (i) and (iii).

Theorem 2: Let (i),(ii) and (iii) hold true and let «y € (0,1] be the max-
imal « for which (iii,«) is satisfied. Then the following statement concerning
ag holds. If for some ko, k1, co, ¢1 € (0,00)

FO) - (A+u) = flu) ~ co-ul
flw) ~ e fu—1M

then kg <1, k1 > 1 and ap < min (ko,1/k1) <1.

2.3 EXAMPLES OF METRIC f-DIVERGENCES

In the sequel we investigate the classes of f-divergences discussed in Talk 1.
First we check for which parameters the conditions (i), (ii), (iii) are satisfied.
The results are summarized in the following table.

[ Class || (i) given for [ (i) given for | (iii) given for |

0 e a=1 a=1
(I1) Vo a=1/2 O<a<l
(Ir) Vs Vs 0<s<1
(II) ||V« vV a Vo

(Iv) | t=1 (t=1) Vi

W) |[Vk Vk Vk

(VI) | Vg V6 v 3

Now we proceed with those parameters of the different classes which are not
ruled out and present the maximal powers of the f-divergences defining a dis-
tance.

(I) The class of x“-Divergences
X*w) =lu—1", ax=1

From this class only the parameter « = 1 provides a distance, namely the
Total Variation Distance V(Q, P) .



(ITI) Dichotomy Class

u—1—Inu for =0
£ (u) = % for a€R\{0,1}
l—u+ulnu for a=1

From this class only the parameter a = % ( f2(u) = (Vu— 1)2 ) provides a

distance, namely the Hellinger Distance

1,@p] = [ (Vi@ - Vi)

€

(IT’) Symmetrized Dichotomy Class

SIS
(w) %7_':)) for s€(0,1)U(1,00)

{ (u—1)In(u) for s=1

As shown by Csiszdar & Fischer (1962) the parameters s € (0,1) provide the

min(s,1—s)
distances [Iﬂs)(Q»P)]

(IIT) Matusita’s Divergences

) =1-uF , 0<a<l

[e3

are the prototypes of metric divergences, providing the distances [I;o(Q, P)]
(IV) Elementary Divergences

fi(u) =max(u—1t,0), t >0
This class provides only for ¢t =1 ( f1(u) = max(u—1,0) ) a metric, namely V(Q, P)/2.
(V) Puri-Vincze Divergences

1 [1—ulf
@k(u):§m7k21

As shown by Kafka, Osterreicher & Vincze (1991) this class provides the distances [Ig, (Q, P)] r

(VI) Divergences of Arimoto-type

7 [+ u?) =2 1 ) if Be(0,00\{1}
fow) =9 (1+w)n@)+uln(u) — (1+uw)n(l+u) if =1
1 —wu|/2 if f=o00.

As shown by Osterreicher & Vajda (1997) this class provides the distances [I,(Q, P)] min(6.3)
for p€(0,00) and V(Q,P)/2 for f=00.
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