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(Areraty) 714 APPENDICES

DEFINITION. If f:U — R is locally integrable, define its mollification
C.5. Convolution and smoothing. ' fS=nexf inU.

We next introduce tools that will allow us to build smooth approxima- - )
tions to given functions. That is,

NOTATION. If U C R™is open and € > 0, we write

‘(z) = (T — dy =
U, := {z € U | dist(z, 8U) > €}. (=) /U"( y)f(y) dy /

ne(y)f(z —y) dy
B(0,¢)

for z € U..
DEFINITIONS. (i) Define n € C®(R") by

’ - THEOREM 7 (Properties of mollifiers).
Cexp (== if |z| <1 ,
n(e) = { (=t) 7 () £ e C=(a).

0 if || > 1, e
Fa.e. - 0.
the constant C > 0 selected so that fmnndx =1, (11) feofaease
(46) For gl e >, set (iii) If f € C(U), then f€ — f uniformly on compact subsets of U.
1 /= (iv) If1 <p < oo and f € L}, (U), then f¢ — f in L} (U).
m(@) = g (3)- ,
) ) . Proof. 1. Fixz € U, 1 € {1,...,n}, and h so small that = + he; € U..
We call 77 the standard mollifier. The functions n. are C* and satisfy Then
/ Nedz =1, spt(ne) C B(0, €). fé(z+ hey) — fé(z) 1 1 z+hei—y zT—-y
" Tl R\ T ) "\ fy)dy
e Ju € €

=6~1,; V% [n <%> —n(z—:y—ﬂ fly)dy

for some open set V CC U. As

p () - (2]~ v (2)

uniformly on V, the partial derivative fg (z) exists and equals

| neaste = 01w an
A similar argument shows that D*f¢(z) exists, and
D) = [ Dnle -0t dy (a €00,

for each multiindex a. This proves (i).

2. According to Lebesgue’s Differentiation Theorem (§E.4),

(4) lim [f(y) = f(z)|dy =0

i =0/ Bz,
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for a.e. z € U. Fix such a point z. Then

IF<(=) = (=)l =

/ ez — )W) - f(@)] dy
B(z,€)

<z [ a(E0) 1w - el

€ B(z,e) €

<cf i) -f@lay—0 ase—o,
B(z,e)

by (4). Assertion (ii) follows.

3. Assume now f € C(U). Given V CC U, we choose V.CC W CcC U
and note that f is uniformly continuous on W. Thus the limit (4) holds
uniformly for z € V. Consequently the calculation above implies f¢ — f

uniformly on V. -

4. Next, assume 1 < p < oo and f € L} (U). Choose an open set
V CC U and, as above, an open set W so that V CC W cc U. We claim

that for sufficiently small € > 0

(5) NFelloevy < N Fllzeqwy-

To see this, we note that if 1 <p<ooandz €V,

F@l=| [ ne-uiey

< / =P (5 — g}/ (5 — 3) ()] dy
B(z,€)

1-1/p 1/p
- </B<z,e)”ﬁ($‘y)dy> ( /B(ZYE)We(z*y)If(y)l”dy> .

Since [p(, o Me(z — y) dy = 1, this inequality implies

/V Fe(@)P dz < /V (/B (zye)ne(xvy)lf(y)l”dy> dz
i — ¥4
< [ i ( L y)dz> dy= [ 1P,

provided ¢ > 0 is sufficiently small. This is (5).
5. Now fix V. CC W cC U, § > 0, and choose g € C(W) so that

If = gllzewy <.

Then

17 = fllzeevy < IFE = g%lLovy + l9° = gllzeqry + g = Fllev)
<2lf — glleewy + lg° — gllevy by (5)
<26+ 1g° = gllze(vy-

Since g¢ — g uniformly on V, we have limsup,_ || f = fll7(v) < 20.
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