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SCHAUDER ESTIMATES
FOR ELLIPTIC AND PARABOLIC EQUATIONS

Xu-Jia WANG
The Australian National University

Introduction

The Schauder estimate for the Laplace equation was traditionally built upon the New-
ton potential theory. Different proofs were found later by Campanato [Ca], in which he
introduced the Campanato space; Peetre [P], who used the convolution of functions;
Trudinger [T], who used the mollification of functions; and Simon [Si], who used a blow-
up argument. Also a perturbation argument was found by Safonov [S1,S2] and Caffarelli
[C1, CC] for fully nonlinear uniformly elliptic equations, which also applies to the Laplace
equation.

In this note we give an elementary and simple proof for the Schauder estimates for el-
liptic and parabolic equations. Our proof allows the right hand side to be Dini continuous
and also give a sharp estimate for the modulus of continuity of the second derivatives. It
also yields the log-Lipschitz continuity of the gradient for equations with bounded right
hand side. Moreover, it also applies to nonlinear equations.

1. The Laplace equation
Cousider the Laplace equation

Au=f in Bi(0), (1.1)

where B1(0) is the unit ball in the Euclidean space R™. Suppose f is Dini continu-
ous, namely fol E’@d’r < 00, where w(r) = supj,_y< [f(z) — f(y)|- Then we have the
following estimate for the modulus of continuity of D?u.

Theorem 1. Let u € C? be a solution of (1.1). Then ¥ z,y € B12(0),

d 1
[D*u(z) — D*u(y)| < C[d sup |y +/ w(r) + d/ @], (1.2)
B 0 T a T
where d = |z —y|, Cp, > 0 depends only on n. It follows that if f € C*(By), then
Ifllc=gy .
lulloze(B,,0) < Cn[Sglp Jul + m] if a€(0,1), (1.3)
|D?u(z) — D?u(y)| < Cnd(sgp [ul + | fllcor[logd]) if a=1. (14)

* Work supported by the Australian Research Council.
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Proof. We will use the following elementary estimates for harmonic functions,
|D*w(0)| < Crer™¥lsupss, |wl, (15)

where Cy, ;; depends only on n and k. Simple proofs of (1.5) can be found in [E2].
Denote By = B, (0) (o = 3). For k=0,1,---, let u; be the solution of

Aug = f(0) in Bk, wur=u on OB.
Then A(ug — u) = f(0) — f. By the maximum principle,
llur — wllzoo(my) < Co*w(p®). (1.6)
Hence
llue = werillLoe(Beyr) < Co™w(p®). (L.7)
Since ug+1 — ug is harmonic, by (1.5) we have
”D(uk - uk+1)’lL°°(Bk+2) < Cpkw(pk)v
“Dz(uk - uk+1)”L°"(3k+2) < Cw(pk) (18)

Since u € C?, by (1.6), uj minus the quadratic part of u is harmonic and is equal to
0(p?*) in Bg. Hence by (1.5),

Du(0) = limg—.00 Dug(0),
D?u(0) = limg—eo D?ux(0). (1.9)
For any given point z near the origin, we have
[D?u(z) — D*u(0)| < I + I + I3 =: (1.10)
|D2ug(2) — D?ug(0)| 4+ | D?ug(0) — D?u(0)| + |D?u(z) — D?uk(2)|.

Let k£ > 1 such that p*** < |z| < p*+3. Then by (1.8), we have
oS zo e
2 < w(p®) <C e (1.11)
=k 0

Similarly we can estimate I3, through the solutions of Av = f(z) in B;(z) and v = u on
0B;(z) for j = k,k+1,---. To estimate [, denote h; = u; — u;_1. By (1.5) and (1.7)
we have

|D?h;(z) — D?R;(0)| < Cp~ w(p?)|z]. (1.12)
Hence
I < |D?ug_1(2) — D*uj_1(0)| + |D*hi(z) — D?hi(0)]
< IDu(2) — D*uo(0)| + Y _ ID%1;(2) — Dy 0)
< Ol (fluoll = + C' 3 p (o))
< Ol (= + | tlr)y (L13)
- ol T2

Combining (1.10), (1.11), and (1.13) we obtain (1.2). This completes the proof. (I
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