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V. M. Babich, “On the extension of functions”, Uspekhi Mat. Nauk,
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HAYYHHE COOBIIEHHA M 3ATAYH

K BOHOPOCY O PACHPOCTPAHEHWH OYHKLNNA
B. M. Ba6nu

IIycts rpanmma ofmacrTm TawoBa, 9IO [JIA OKPECTHOCTH K&M/IOW TOYKH
x' {z, ..., T} TPAHANH CcyuiecTByer mpeofpasoBanme

2, =2 (fy, by ooy By) =12, ..., n), *
YIOOBNETBOPHIOLIEe YCJIOBHAM:
1. v % (b by -0 £) €C,
p D (&1, &3, ..., %)
% WD(th by -y ln) #0.

3. Tourw rpanmpOosl B PacCMAaTPHBAGMOE OKPECTHOCTH TOYRE & ABAHIOTCA
obpasamu MEOKectBa TOYeK £ {{y, f,,...,%,}, OUPENENASMOro COOTHOIUGHHAMH:

>0 68...=0, 1<k n.

VemosmMcHE  HaamBaTh TAKyW TIPaBENY KyCOYHO-IAAKOH Tpammmeh
iacca €,

Vamraeem nm XecTuHcOM JOKasapa CAeNyOMmas Teopema.

Ecau @ynrgns ¢ (24, 2y, - - ., 2,) € C 6 060acmu @, ospanuuennos xycouro-
eaadkuse wonwmypos xaacca CV, mo e& moseno pacnpocmparums wa 6cé npo-
cmparcmso ¢ corparerues raacca (eMm. [1,2]; mnm n=2 poxasarenncTBO
myveerca B [31).

[loxasarenscTBO 9TC COXPAHMET B OCHOBHOM CHIY, €CIH DaccMarphBaTh
BMECTO HempepsIBEEIX 060fménasle Hpou3RoONHEe.

Tounee, mMeer mecto Teopema l):

Ecau gyrrgua ¢ (2y, 29, .., 2,) € WY & o6aacmu, ozpanuennoi kycouno-
enadrnn xoumypos wkaacca CO) mo eé aootero PACnpOCMPanimes Ha 8CE nNpo-

i "
empanemeo mak, wmo oHa Gydem npuradsescams raaccy WD eo scaron xoneu-
Hoi o6aacmu %),

1) Har aBropy cTaso ®W3RECTHO mocie cpadu paGoTh B nedgaTh, AHAJOTMUHBLE Pe3yilb-
Tar Oeur momyden C. M. HuROJNbCKMM U ROJOMEH HM HA rordepennun no guddepesnuaib-
HEIM ypaaﬂemmu B mae 1952 r.

%) B ofoanauenmax MH crenyem Momorpadmm [4].

e
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HokasmeM cAeLyiOmylo JemMy:
P b
IIyemy gynryus f(z, y) e WP 8 obmacra 9{ a<z< . 5] -
4 gynrgus f(z, y) €Wy | ey & Toeda  cywecm
syem pacnpocmpanerue PyHEGUL [ ¢ COTPAHENUEM KAGCCE HA BECH NPAMOY20Lb-
nar Q% =(a, b, — A, A).

(2 nepeMemEBIX BMECTO 7 BSATHl JULIb [JIA YODOWEHET BANACH).

Onpegenmm [ wmcen Ay, by, ..., &, M3 CHCTeMH ypaBEemmil
3 r ANE, k
(— 10k +( _5) Azi‘-...—{—<——%> N=1 (k=0,1,...,0-1).
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K BOIIPOGY O PACIIPOCTPAHEHUM @Y HRIUH 113

Hse mocnenmme GopMymnsr roBOpAT O TOM, UTO f“eW;,” Ha Q%
! <
IIycts @EW;) B 00a3CTH, OrpPaEAYEHHOH KYCOYHO-TTIANKAM KOHTYPOM

wmacca OV,

Homszyscy porazasHoil meMmoii u IpeoGpazoBaEmeM KoopammEat (*), nerxo
HOKA3aTh, ITO CYMECTRYET MCKOMOE DACHPOCTPaHeHUe ¢ ¢ COXPAaHeHueM xiacca
Ha Manyi OKDeCTHOCTH 1060# Touwm rpammmsl. Hak cmeiyer 3 paccysiaesmi
Xecrerca (cm. [2] mmm [3]), aroro moctaTouso muA TOro, YTOGH © MOMHO GBLIO
pacHPOCTPAHHTE HAa BeE TPOCTPAHCTBO ¢ COXpAHEHHeM KJacca.

fOyers g*—raroe pacupocrpamesme ¢ymsmwy [¢. [locaenoraTentHoCTs i
cpepBux Qymmuni I ¢*!) gBagercs NOCHeNOBATEJRHOCTRI0 GYEKmUI Kmacca
€Y 5 9, exopmmnxen x © B Q B cMsicae merpmrx W

Aan Bearol o6macTAm ¢ MOMHO KAk YTONHO TOYHO ANTPOKCHMAPORATE
5 cwmeicne merpuxn W mmorousmenom ¢ paum}raﬂmmﬁm ro3pPUnEERTAMI .

Crencrsmey aroro apmaerca cemapabennmocts mpocrpasetsa W paa of-
mactell ¢ KyCOUHO-TIAfKOi rpammiedt wmacca V.

Bee aTw mpOCTHIE 38MEYAHMA YAcTO GBIBAKT MONE3HEl BO MHOTHX TEOpeTH-
YeCKAX BOTMPOCAX MATCMATHYCCKON Pmammu.

Hoetynnmo » pexaxmino 1 mioma 1952 r.

QATAPOBAHHAA JUTEPATYPA

Whitney, Trans. Amer. Math. Soc., 36 (1936), 63—89.

R. Hestenes, Duke Math. Journ., 8 (1941), 183—192.

M. Quxrtenroasn, Hype Auddepernmaipuoro v HHTCCPANBHOIO HCYACHCHUSH,
1. 4, M.—JI., 'oerexusmar, 1951.

[4] C. JI. Co6oaen, Herorocpse npimscrenusn QyHKUHOHANBEOL0 AHAIM33 B MaTeMaTH-
geerol guamre, Mag-so JII'V, 1950.

[i] H.
{21 M.
3] 1.

1) O cpepanx Pynrunax cu. [4].

Babi¢, V. M.: Zar Frage der Fortsetzung von Fanktionean. Uspechi mat. Nank
8, Nr. 2 (54), 111—113 (1953) [Rassisch].

Inshesondere Whitney {(dies. Zbl. 8, 249) und spiter Hestenes (dies. Zbl.
24, 386) haben die Frage naeh der Fortsetzbarkeit differenzierbarer Funktionen
mehrerer Verinderlicher untersucht. Verf, bertrigt das Hauptergebnis von Whit-
ney for die Funktionen der Klasse (% (vgl. dies. Zbl. 24, 386) anf die Fenktionen der
Klasse W;, deren simtliche Ableitungen I-ter Ordnung zur Klasse L® gehoren.
Umfsssenders Resultate finden sich bei Nikolskij (dies. Zbl. 46, 61); vgl. auch das
folgende Referat. L. Schmetterer.

MRO056675 (15,110f) 27.2X

Babig, V. M. [Babich, Vasilif Mikhailovich]

On the extension of functions. (Russian)

[Zspeha Mutem. Nauk (N.S.) 8, {1953). no. 2(54), 111-113

Let A be a closed bounded region in E,, whose boundary is piecewise of cl
let f(p). p € A, be a funétion defined in A and of class CV in A, ie.. fis cm‘;?iunous
with all its partial derivatives of order k in A. H. Whitney [Trans. Ame \4‘1&?%1, Soc. 36,
63-89 (1934)] and M. R. Hestenes {Duke Math. J. 8, 183-192 (1941): MRO0D03434] lxz:we
proved various theorems on the extension of functions in particular that every function
of class €%} in A has an exi on which is of ¢ k) in E,. The author says that
& function f is of class W% if the continuity requirement of the partial derivatives of
ovder k in the definition of class (7 is replaced by LP-integrability. Then {lg proves
that every function f of class W,U%) in 4 has an extension which is of class W,k in En.
Hestenes' method based on a modified form of reflection principle is used. L. Cesary




[Slos8b)

——— _, Generalized Sobolev spaces and their application to boundary problems

Jor partial differenitial equaiions, Leningrad. Gos. Ped. Inst. Ucen.
(1958), B4~112. (English transl. in Amer. Math. Soc.
207-275).

GEMERALIZED SOBOLEY SPACES AND
THEIR APPLICATION TO BOUNDARY PROBLEMS
FOR PARTIAL DIFFERENTIAL EQUATIONS

L. N. SLOBODECKI

The behavior of the values of various classes of functions of several indepen-
dent variables on manifolds of various dimensions is of great significance in the
theory of boundary problems for partial differential equations. Numerous investiga-
The

present article is also related to this question and it gives an account of the re-

tions, both of Soviet and foreign authors, have been devoted to this question.

sults which the author obtained at the beginning of 1957.

Whilst preparing this article for printing the author profited from the valuable
advice of Professors M. L. Vi¥ik, O. A. Lady¥enskaja and H. L. Smolickii. The
author takes this opportunity to express his heart felt thanks to them.

The author expresses his sincere gratitude also to Professor 8. G. Mihlin whe

undertook the big task of editing this report.

Introduction
Let E denote the n-dimensional euclidean space of points x = (xl) e, % )
let nyyeee, be natural numbers whose sum is equal to n and let E®) denote
nk-dunensmnal spaces of points ) = (x(k) o (k)) k= 1, 2,00, 7). Sup-

pose further that Q%) is a finite or infinite domain of the space E(k) k=1,2-
and Q—Q(D cex QD o .
E

Iﬂ(k) is a hypercylindrical domain in the space

n.

We concern ourselves next with the [-extension of a function f(x) from a
closed domain with sufficiently smooth boundaries. To do this we follow the
procedure of Whitney and Hestenes ([ 16], pp. 666—681), who suggested a method
of extending continuously differentiable functions from a closed domain with pres-
ervation of their smoothness. V.M. Babi¥ [17] has concerned himself with the I-
extension of functions from W}(f)(ﬂ) in the case when [ is integral. Developing

the method of V. M. Babi¥ we solve the problem in the general case.
Lemma 7. Let Q@ =0 x[0, 8] (x' =(x1,---, x _I) €, Oan <b) bea
cylindrical domain of the space £, f(z) € W(Zl)(ﬂ) and let By, By,eee,s B

satisfy the system of equations:

Zap.

Transl. (2) 57 (1966),

197

GENERALIZED SOBOLEV SPACES

[él [«1—]‘1@":1 (g=0,1,---,

225

I I . (40.1)

We denote by Q' the domain of the space E_, symmetrical to the domain O
relative to the hyperplane x, = 0. We put, in ',

- 1] N
)= EB)’[ _WLJ

m=0 m+ 1 tatl)
Then the function
flx) for x €Q
FHx) = N
f&) for x€Q’
is an l-extension of the function {(x) from © to Q,=Q +Q'. In addition
i < CHfll , 42.1
vy@)) 7Y@ ey

where C is a positive constant which does not depend on f(x).

Proof. Let p,, p, be nonnegative integers whose sum p does not exceed [,
and let ¢ (x) be a sufficiently smooth function which is defined in 0, and van-
ishes on its boundary strip.

Integrating by parts p; times with respect to %, we obtain

7

apl o ' apl i
[ 5P = -0 | Y0P fa

O af Qadx,
prl e
o1 97 i
- 3 CDig ;” 9 pP2ay, (43.1)
q=0 o Bxp dxl
C',xpl o a[’
w2 DP2fdw = (~-1)P! ¥ pp2 fa
({/ 8{1 x ¥ dw S{l &CP! x! *
pi-1
a7
£ 3 (19 v & pPf
= c{dxl =1 6x fdx. (44.1)

From (40.1) and (41.1) we have
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a9 £ i 04
97 pe2 s B g 97 pa
axd fl%n' mEO Bm [ i 1] Il Dx' f xn =0
n
97 p2
= — D -
P f]x,,—o (45.1)

By using the equations (43.1)—(45.1) and by integrating by parts with respect

L} .
to x we obtain:

apl apl & 6“:/1

J U= DP2fdx+ [ 2 _DP2fdx = (-1t [ Z_¥DP2yy,
pL % ¢ 4Pl

Q c?xn Q dxi ¥ Q 8xﬁ1 %

Pl pi
LDt s jff’n”fdw( w rni&w*dx.
4 n 1

it follows from this equation that the generalized derivative

ap
—p}Dx f when x €0
élja DP 2)(* _ n
axPl x
n P
~77-1D52f when x € ()
Losf
exists.
It is obvious that
a Pl 02 apl 2
7 Dot <C|=5 D57 f (46.1)
0% L€y ox, Ly

Thus we have established the truth of the lemma when [ is integral.
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