PoTENM AL mw\ﬁﬂg;

é‘ﬁmav{ Esvmedan o/ /W% 4

Lot oSu S, Pefome Ghe opurts U

- om L’(J\/
& The Riesy  petentiie

K60 = S 1neg " g
s

%MAM /. k«/’ SNCRY ke a Gveseless tetoqg urafte —pet-
MA? ﬂ‘w

e RN,

:(/'«—\7;‘\7‘")7 ¢ Lla)”

- 4,
Mw K:K,'\ ) = J w‘\' VoS (/
/f /u. -

W‘V&MJ WM Jl—:d. 12‘.% Wt/ﬁ\'

Tt R0 udd, ot /]3&(0)/ 2 (0) .

ﬂw, Sl
/) By 2 sy - (Ll Be/
2 Ayl =~ (L8,
> (e L)
we  umsl Cint

VA

£ 2R 6,y
vy

e &V Vgl ay
* 4

”

(o4 [4IOR o 20 4)

/90 " (e 19250 o Bern)
ta ¢ s ¢

g y.
/‘7/N/3.' W > Atslasee 7&‘_“_““,:'4 ‘M-u{/(‘ta o =2

—

Tha+1) *

Enes. /) "/64/ =hw, /(\, (w3 V2 2/ ‘\’n) A

"o s Area 7”""-?‘“._,
/ J .
é.cmmz. Tl o;om l//,_ Vregos &(ﬂ.} M.\,MA—\?_
“G %R g g F2Ca0 abdfyry

= = |
© ST =ny) ;f E</“'

ﬁA’MU‘%/ 1/ ‘v? s "‘(J\_/’

1% o

T ‘
c 4y, p
a - - ¢ = -f
hoen. [ (, J'/:i‘wk/\-/\ﬂ//u )
Mg
Fod. Chuore +%1 el Cind

-;/=I~4../——'-=I-f "'*/*)
»



M fpm=y)
“Tlen, Ar(h-—a) s /“"j/ 4 642{‘“’/ lae -
/

/‘_{ In-y) “9‘””%}}” - /f Iney) "'ﬁ:’%/'a
S

Ay (b lonna 7)
~ ¥ -d '
= K “ /J(.//V.
2
-t
~ A - —
bt ST )4 et K ~‘(/’f/ YD =3
Vo
Mow /\:,rwnL‘& (‘K/ o
] = — G
py ~a-£ - ;f, e 4
A < /
eAae f’ "‘; -/ P 4 ;(’ -0;"__/ .

Mk,o—vw/ as  Cap) .,,M';//’o; 7 -f+ f =/ v s

we Cou. by

/

o r ,/
bigr « &7 0T 1™ 9T

- oY) Y
= k) AT w0

Tlen @ N wa

| o pof € [ /»*ﬂwﬂ/fe//”?

r (7}, r '/P/ 4
s (L&) 0) T ret)
“Wime) 2 @
> a!»y £ /{1,//'2(‘7/ t{i/&.ﬂ ,4""1:(() %
Gy
Aol o0 ) (.f; ¥y )/P’%,/

[ 5 ey

= Olovl F {n - “"6&—1/’\
Lo tsl” (oo™
¢ Z’IJ\_I(/--I)NH({;L (ﬂ“/p%/
we il Gos

av.ofy < g dreny oo (Pt l;’/
/~Z~(,e/-¢/ )(k(@/ / Mr’;,

TET g, @



An €9 urvafemt ﬁywaMw{, a{ Lonrna, 2 m‘;.W}
Goot. CTue ﬁ?/sw:? o

Z’WM (ﬁmﬁ - Citlewwed - Sﬂc/w/

v uwue Lp(R"_) el wnE C&(Q‘\-/ we hame

u(qov() < e é‘(// /
/{*4" tx-91 7 - Ly Mé’mf?

ﬁvw C/=-c(n,,0,;/>o/ Weernsa

. -t !
A w24 L)/ “F, kg Uy e

fﬂ . Ths e prof § éﬁw‘&& Mo wrove! ('(72.5*‘)
whee wst 4 g 4) STGslen C1238) fn w20,



[Sob3g]

ON A THEOREM OF FUNCTIONAL ANALYSIS

S. L. SOBOLEV

In this paper we give the proof of a theorem of functional analysis which is
important in various questions of the theory of partial differential equations. In an
earlier paper of the author it was established that the space L(z”), i.e., the space
of functions of n variables whose derivatives up to the order 1 are square-integrable,

- no - & -
is a subspace of the space C(V [il l-), i.e,, the space of functions which have
continuous derivatives up to the order 1 — [%} - 1 inclusive [1, 2],
Convergence of a certain sequence in L(ZV) automatically induces convergence
n
in 1310,
This theorem made it possible to prove certain new properties of semi-harmonic

functions and also to introduce certain improvements into the theory of non-linear

hyperbolic equations [3], The results of the author were generalized by V. L

Koadrasov [4], who established that Lé”) is a subspace of C(”—[%] - 1). The
present paper is a supplement and development of this result. We prove in it that

the space Lf)”) lies in every L(”; D lna subsequent paper we shall show how

14
this result may be used in the tlfeor; of non-linear hyperbolic partial differential
equations.,

This first chapter contains a generalization of an important inequality due to
F, Riesz. In the second chapter we apply this inequality to the proof of a theorem,
A brief exposition of the results of the present paper is contained in a note by

the author (5] in the Doklady Akademii Nauk.

CHAPTER I
Generalization of some inequalities of F. Riesz
$1. Generalization of Riesz's lemma. Let there be given in n-dimensional
space three functions
b, (%1y soe, xn)’ ¢2(x1, (RN xn), ¢:3(xl, %), (1.1)
taking only the two values 0 and 1, i.e., characteristic functions of three sets
El’ Ez, and E3. Let
mes E1 < 0, mes E2 <, and mes E3 < oo, (1.2)

39

y On a theorem of functional analysis, Mat. Sb. (N.S.) 4 (46) (1938),
471-497. (English transl. in Amer. Math. Soc. Transl. (2) 34 (1963), 39-68).
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§4, Generalization of the second integral inequality of Riesz. Let the fune.
;

o Yy ; ver oy ) be pth power and gth power summabl e
tions q’)(:x:l, * Uy 1,,) and ¢ {y e P ' Le,

1
. . ire space ceprland g> 1, ~+~->1. T
respectively, over the entire space, whete p » 1 ¢ ] B g 1. Then the

integral
2n ,
o ,’5.‘ ,"',}2»), ‘l‘()’l)“‘r }'n) ) gy
Joo ottt B VT T e dugdy) cvdy, (4
where
o 11 1 1
= -y )2 d)\:n[2~~~—}=n[-— +——:], (4.2)
re \/:i (x;, - y)% an i e
1
l+l, =1, l+—. =1,
p p q 49

has meaning and satisfies the inequality

2
--—~¢(x y T, X )w(y’.,y)
f-u-f 1 nrA 1 n dxlon.dxndyluon dj'n
S 1 n . 1
<K U“'ﬂtﬁlpd’cl u-dxn]P U...”wqdyl dyn]q, (4.3)

where the constant K depends on p and g, but does not depend on the functions
(;‘) and I,Zh

For the proof we may assume from the beginning that ¢ > 0 and ¢ > 0.
Moreover, by the previous lemma, we may suppose from the beginning that ¢ de°

n
pends only on r = Elxi‘ and that | depends only on ry = \/ 3 y‘f'

We break up the integral / into three terms, Let
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CHAPTER 11

Relation between the spaces L(¥)

§6. A new definition of derivative,

Let ¢p(x;, 02, %,) be some function of
the variables

1 "% %, which is summable in the domain D, Let D' be any
other domain lying along with its boundary inside D,
Let us consi i i

consider any function x/f(xl, ves, xn) having continuous derivatives

—————.
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p o the order @ inclusive and vanishing outside of D', If the function ¢ irself
i}
5 continuous derivatives up to the order o

o , then the equation

d-xlc s z]:x:" =0 (6.1)

is valids
We shall consider this equation as the definition of the deriv ative and call
derivative of ¢,

such a function of the variables Xys 0ty %, which is summable over any bounded

subset of the domain D and satisfies condition (6.1) for all e

It is obvious that the derivative thus defined may only be unique, for suppos-
ing the existence of two such derivatives

_ | [ 9% )
S e |y o,
we will have for any
et R 9% dx =0 (6.2
f”’{l ] _[ : dxls-- %, =0, 6.2)
D a%‘;'l . 695;n 1 axcl"l L. ax:n »

from which it follows that these two derivatives are equal to each other everyw here
txcept, perhaps, a set of measure zero,

Comparatively simple examples show that the derivative in our sense may exist
when, for instance, the function does not have a derivative almost everywhere, and
Conversely the existence of the derivative almost everywhere does not necessitate
the existence of the derivative in our sense.

In fact, Jet

¢=ﬁuﬂ+&u9’ e
. derivati 8246
Vhere neighey fl(xl) nor [z(xz) is differentiable. Then the derivative -5;;5:]
doe s oy exist from the classical point of view. Nevertheless, by our definition
s (6.4)

axlaxz
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at all points. Indeed,

. oy 0 () gy veid
fﬁQﬁ“ﬁ—zi ‘1x1"'dxn:f“'f fl(xl)axz [axl) 1 ’
p o 00,
/.‘.‘L ! 0 ﬂ dyg. vevdx =0, (6.5)
+J‘;)‘”2(“2)£; {asz : "

i other hand, let
since both terms may be integrated by parts. On the ’

¢=Flx), (6.6)

where F has a summable derivative almost everywhere, but is not absolu.tely
continuous, Then, according to our definition, the derivative does not exist, of
which the reader may easily convince himself.

For discovering the existence of the derivative it is useful to point out one
indication based on the theory of approximations.

Theorem. If one can approximate a given summable function ¢ by a sequenc,
of continuously differentiable functions

Gilzpoenx,) (B=0,1, 49 (6.7

2 . » . . . i
such that for any function y, continuous and vanishing outside the domain D
which is interior tc the domain D, the equation

L

ﬁi’"m I b'f¢k¢, dxytedy, = [ror [ pipdug oo dn, (6.8)

holds, and if, in addition, for any bounded subset D' of the domain D

»
A,

%y [P
f”.,f S S dx "'dx SA, (6:9)
D 'ax‘;l‘”ax:n‘ 1 n
a

where p > 1, then the derivative

s et e s

L goam xists and satisfies the conditit
1 *n
L]
a
b‘,f T | deedy, < A (6.10

For the proof we shal] use
sphere of the space [,
126),

the theorem on weak compactness of the unit

P of functions which are pth power summable (see [19), P*

THEOREM OF FUNCTIONAL ANALYS]S

S5
this weak compactness there ey i
By " €X1iSts a function @, . and a subsequence
d Pl
gl g PE by (e-10)
n

such that for any function ¢ which is p'th Power summable on )’

' =L the
equatioﬂ ! p-l
— 8a¢}” "
lim foor fofy gy cvign - et
;_-oe'f D'f ﬁx?l~<-(3xan 1 ax, = | D,f '/”Uab ..,anc{xl'-'dxn (6.12)

is valid. Moreover,

"
———

I E)O"Hwa'l’ . an] P d;\’l o {h‘n <A (6.13)
Let us write the identity
e aaﬁb}c'
Joonf ¥ e dxyvda
D' gx Y germ E "
n
i o
=(-pafe. J ¥ ‘
Il b 5231 gy dxy e dry, (6.14)

where ¢ is a continuously differentiable function equal to zero outside D',
Passing to the limit in equation (6,14) we obtain

n

" — %y
frolbog . o dupeende, <(=D* [oer f o9 Y gy iidx | (615
p! Par ey 0, Iy gxglegeyt 1T

Hence it follows that the function w"'l

is the derivative of ¢, as
n
¥as to be proved,

— S F undamental theorem for theé case of continuous functions. Let us

consider some domain D in the space %, ‘" X, Let this do.main be suc.h that
any of its interior or boundary points can be reached by the point of a moving
SPheﬁcal sector of constant magnitude and shape. (D may be unbounded.)
. Let us consider in this domain some function @xy, * o+, x,) with respect to
Which we shall make the following assumptions:
; * ] here g* > 1,
) the function I¢(x1’ con, g )T 0s summable on D, where ¢* >

(2) the function q‘;(xl7 cen, xn] admits all derivatives of order 1 in the domain D,
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s
(3) all derivatives of order | are pth power
- l y s AP
T o AL B
,f'“f Ty 8a,l ,
D lde <,
where 1 <ne .
In addition, several possibilities are meaningiut:
n vi< n
<s 31<p=7
ni < p 7 p ) ]
n
D1-p<p Hl=p=p (1)
n
5)p> g

ject of special investigation. For p =2 it was

y V. L. Kondragoy,

The last case has been the ob
analyzed by the author [1, 2], and for the case of arbitraty p b
who used the same method. There it is proved that the function qﬁ(xl, e, xn)
ill satisfy Holder's condition with certain positive expo
y L. G. Petrow

will be continuous and w
nents. lnteresting results concerning this question were obtained b
skif and K, N, Smirnov [11].

Our task will be the consideration of the remaining cases. First of all, we

shall study the first of these. Let us restrict ourselves only to those cases when

1 11
o> L. = Then we have the

o
n
Theorem. If 1<p <5 then the function ¢ is qth power summable on the

domain D, where

11 l
7 p (7.3
and, moreover,
.—.L 1 n 1
f"‘ l qd sew 7 b
pl 1Pl [T AP S L [ I by g, 00

h h
:;;;:etn: consiants N and L depend on the shape of the domain D and on the
s
P, q° ky, noand 1, but do not depend on the form of the function ¢‘*
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