
Improving Memory-System Performance of Sparse Matrix-VectorMultiplication�Sivan ToledoXerox Palo Alto Research Center3333 Coyote Hill RoadPalo Alto, CA 94304November 25, 1996AbstractSparse Matrix-Vector Multiplication is an important kernel that often runs ine�ciently onsuperscalar RISC processors. This paper describe techniques that increase instruction-levelparallelism and improve performance. The techniques include reordering to reduce cache missesoriginally due to Das et al., blocking to reduce load instructions, and prefetching to preventmultiple load-store units from stalling simulteneously. The techniques improve performnancefrom about 40 M
ops (on a well-ordered matrix) to over 100 M
ops on a 266 M
ops machine.The techniques are applicable to other superscalar RISC processors as well and have improvedperformance on a Sun UltraSparc I workstation, for example.1 IntroductionSparse matrix-vector multiplication is an important computational kernel in many iterative linearsolvers (see [5], for example). Unfortunately, on many computers this kernel runs slowly relative toother numerical codes, such as dense matrix computations. This paper proposes new techniques forimproving the performance of sparse matrix-vector multiplication on superscalar RISC processors.We experimentally analyzes these techniques, as well as techniques that have been proposed byothers, to show that they can improve performance by more than a factor of two on many matrices.Three main factors contribute to the poor performance of sparse matrix-vector multiplicationon modern superscalar RISC processors. First, lack of data locality causes a large number ofcache misses. Typically, accesses to the data structures that represent the sparse matrix A haveno temporal locality whatsoever, but have good spatial locality (i.e., there is no data reuse, butaccesses are in a stride-1 loop). Accesses to the dense vector x being multiplied reuse data, but theaccess pattern depends on the sparsity structure of A. One technique that can reduce the numberof cache misses is to reorder the matrix to reduce the number of cache misses on x. This techniquewas proposed by Das et al. [7], analyzed in certain cases by Temam and Jalby [16] and furtherinvestigated by Burgess and Giles [6]. We study this technique further in this paper, and we alsoshow that the e�ectiveness of the new techniques that we propose depends on it.�Part of this work was done while the author was a postdoctoral fellow at the IBM T. J. Watson Research Center,Yorktown Heights, New York. 1



A second factor that limits performance is the tendency of multiple load/store functional unitsto miss on the same cache line. Many superscalar RISC processors have at least two load-storeunits. On such processors, when one unit is stalled due to a cache miss, the other unit(s) cancontinue to load data from the cache. Unfortunately, in stride-1 loops the other units soon try toload data from the cache line that caused the �rst miss. Consequently, all units are often stalledon the same cache line. The miss is compulsory because the accesses have no temporal locality, soone unit much spend the time waiting for the miss to be serviced. But the misses generated by theother units are not compulsory and we show below how to prevent them using prefetching.Finally, sparse matrix-vector multiplication codes typically perform a large number of loadinstruction relative to the number of 
oating-point operations they perform. This phenomenon iscaused by the poor data locality, which makes it di�cult to reuse data already in registers, andbecause the code must load row or column indices in addition to 
oating-point data. The largenumber of load instruction places a heavy load on the load/store units that interface the register�les to the cache, and on the integer ALU's that compute the addresses to be loaded. (These ALU'sare sometimes part of the load/store units and sometimes part of the integer execution units.) Onmost current processors, these units are often the bottleneck in sparse matrix-vector multiplication.The 
oating-point units are therefore underutilized. We present below two techniques that addressthis issue, including blocking to reduce the number of load instructions. Blocking in sparse matrix-vector multiplication was used in somewhat di�erent forms in [1, 4].Although the techniques that we propose can be applied separately, they are most e�ectivewhen they are combined. In particular, reordering the matrix can enhance or degrade the e�ect ofblocking. Also, without the reduction in the number of cache misses on x that reordering yields,our prefetching technique is ine�ective on large matrices.We have implemented our techniques and evaluated them on an IBM superscalar RISC work-station using a suite of 13 matrices from two matrix collections. The matrices are all structurallysymmetric, but the code is general and does not exploit symmetry. (A matrix-vector code forsymmetric matrices can load fewer coe�cients and therefore run more e�ciently.) The techniquesare also applicable to other superscalar RISC processors. We describe the techniques in the nextsection and comment, where appropriate, on their applicability to other current superscalar pro-cessors. One of the techniques, prefetching, is di�cult to implement in the irregular loops thatcomprise the sparse matrix-vector multiplication code. Section 3 explains how we implementedthis technique. Section 5 presents our experimental results, and we conclude the paper in Section 6with our conclusions.2 Algorithmic TechniquesConsider a typical sparse matrix-vector multiplication code shown in Figure 1. The code assumesthat the matrix is stored in a compressed-row format, but the same considerations apply to otherstorage formats that support general sparsity patterns. The inner loop of the code loads a(jp) andcolind(jp), loads x(colind(jp)), which may be any element of x, and performs one multiply-addoperation. While a and colind are loaded using a stride-1 access pattern, x(colind(jp)) may beany element of x.There are four potential performance problems in this code. The accesses to a and colindgenerate a lot of cache misses, one per cache line (because the stride-1 access ensures that theentire line is used before it is evicted from the cache). Depending on the number of nonzeros in Aand on the details of the iterative algorithm in which the matrix-vector multiplication is used, these2



do i = 1,nsum = 0.0D0do j = rowptr(i), rowptr(i+1)-1sum = sum + a(jp) * x(colind(jp))end doy(i) = sumend doFigure 1: A sparse matrix-vector multiplication code for matrices stored in a compressed-rowformat. The N nonzeros of the n-by�n matrix A are compressed into a single vector a in a rowwiseordering, the column indices of these nonzeros are compressed into an integer vector colindex.The vector rowptr stores the �rst index of each row of A in the vectors a and colindex, and itslast element contains N + 1.cache misses can occur in the �rst-level cache or in a cache further away from the processor. Theaccesses to x can have poor spatial and temporal locality, and can hence generate even more cachemisses. The ratio of words loaded into registers per 
oating-point operation is three, which meansthat the code's performance will be limited by the performance of the processor's load-store units.Finally, the conversion of colind(jp) from an integer index to a byte o�set from the beginning ofx, required on most processors for indirect addressing, requires the integer ALU's to perform anadditional instruction in every iteration.Let us see how to cope with these problems.Reducing Cache Misses through Bandwidth ReductionDas et al. [7] proposed to reorder sparse matrices using a bandwidth-reducing technique in order toreduce the number of cache misses that accesses to x generate. Temam and Jalby [16] analyzed thenumber of cache misses as a function of the bandwidth for certain cache con�gurations. The tech-nique was investigated further by Burgess and Giles [6], who extended it to other unstructured-gridcomputations. Burgess and Giles studied experimentally several reordering strategies, includingreverse Cuthill-McKee and a greedy blocking method. The found that reordering improved perfor-mance relative to a random ordering, but they did not �nd a particular sensitivity to the particularordering method used.We have performed additional experiments with a larger set of matrices. Our experiments,described in detail in Section 5, essentially validates the results of Burgess and Giles. We havefound that compared to a random ordering, bandwidth reduction and nested-dissection orderingsreduce cache misses and improve performance. Performance can improve by more than a factor ofthree on large matrices.When the bandwidth reduction technique is used alone without blocking or prefetching, theparticular ordering method does not matter much to the performance of matrix-vector multiplica-tion. Consequently, reordering methods should be selected based on the reordering speed and onthe e�ect on ordering-sensitive preconditioners, such as Incomplete LU. When the bandwidth re-duction technique is combined with blocking and prefetching, however, di�erent ordering methodsyield di�erent performance results. We have found that in this situation Cuthill-McKee orderingis usually the best choice. It is a fast algorithm and has bene�ts in preconditioning as well, asexplained below in Section 6. 3



Because sparse matrix-vector multiplication uses large data structures and has poor data local-ity, reducing cache misses is an important goal for this code, even on processors in which out-of-orderexecution can cover the cache-miss latency in other codes.2.1 Reducing Load Instructions through BlockingWe reduce the number of load instructions the code performs by splitting the general sparse matrixA into a sum of two or three matrices, some of which are block matrices. It is reasonable to expectthe matrix to contain dense blocks, because many application areas give rise to such matrices (forexample, equations de�ned on grids with more than one variable per grid point). Multiplying ablock sparse matrix by a vector can reduce the number of loads over unblocked multiplication inthree di�erent ways. First, blocking enables the code to load fewer row or column indices intoregisters, because only one index per block is required, rather than one per nonzero. Second,elements of x are loaded once and used k times when the matrix is blocked into k-by-l blocks (thisis a form of register blocking). Third, since the POWER2 processor has a load-quad instructionthat loads two consecutive 
oating-point doublewords into two registers, 1-by-2 blocks allow theprocessor to load the two nonzeros in a and the two elements of x using only two, rather than four,load instructions.We therefore scan the matrix in a preprocessing phase and extract all the 2-by-2 blocks thatwe �nd, and then all the 1-by-2 blocks that we �nd. The extraction is done in a greedy fashionthat extracts all the blocks that we �nd in a rowwise scanning of the matrix. For 2-by-2 blocks,this greedy algorithms is not always optimal, in the sense that it may �nd fewer 2-by-2 blocks thanpossible. The greedy algorithm is optimal for 1-by-2 blocks. To preserve data locality in accessesto x, we do not multiply by the 2-by-2 blocks, then 1-by-2 blocks, and then by the remainingunblocked nonzeros. Instead, we process row after row, where in each row i we perform both themultiplication by the unblocked nonzeros in row i and the multiplication with the blocked nonzerosin rows i and i+ 1.On processors without a quad-load instruction (practically all other current RISC processors),some of the bene�t of 1-by-2 blocks can be realized by replacing them by 2-by-1 blocks. Theserequire only three 
oating-point loads, because the element of x can be loaded once and used twice.The balance between the capabilities of the load/store units and the 
oating-point units inother superscalar processors is the same or worse than the balance in the POWER2 processor.The POWER2 processor can perform four 
ops (by issuing multiply-add instructions) and loadfour 64-bit words (by issuing two quad-load instructions) in every cycle. Digital's Alpha 21164 [9]and Sun's UltraSparc [17] both have 
oating-point units that can issue one add and one multiplyinstruction every cycle. The Alpha can issue two load instructions and load two words, giving thesame balance as the POWER2, but the UltraSparc can issue only one load instruction per cycle,giving a worse balance. We conclude that reducing the number of loads is at least as important onother processors as it is on the POWER2.Our approach to blocking is di�erent from previous algorithms, mainly in that our algorithmattempts to �nd many small completely dense blocks. Other researchers have proposed algorithmsthat attempt to �nd larger (and hence fewer) dense blocks and/or blocks that are not completelydense.Agarwal, Gustavson and Zubair [1] describe an algorithm designed for vector processors. Theiralgorithm tried to �nd few large relatively dense blocks. They divide the rows of the matrixinto blocks, and attempt to �nd one fairly dense rectangular block in every block of rows. Theother nonzeros in the block of rows remain unblocked (they may be coalesced into dense diagonals,4



however). This scheme works well on vector processors in which the vector startup cost is asigni�cant cost. We realized that on RISC processors small blocks would su�ce to obtain goodperformance, and that the most important objective is to block as much of the nonzeros as possible,even if the blocks are small. In addition, the small vector startup cost on RISC machines impliesthat it is probably not bene�cial to use dense blocks that contain many zeros. The extra time ittakes to load these structural zeros into cache and into registers is likely to mask any performancebene�t that larger dense blocks might a�ord. (A simple analysis shows, however, that allowing onezero in a 2-by-2 block might improve performance slightly on the POWER2 processor.)PETSc, a toolkit for scienti�c computations [4], uses a blocked sparse matrix-vector multiplica-tion subroutine that attemps to �nd blocks of rows with the same nonzero structure. Our approachis therefore similar to PETSc's in that both approaches require the blocks to be completely dense,but there is an important di�erence between the two approaches. Our algorithm can block most ofthe nonzeros in a matrix even when no two rows have identical stucture, whereas PETSc cannot.The penalty that our algorithm pays for the extra 
exibility is quite small: our 2-by-2 blockedalgorithm loads only one column index per six 
oating point words loaded. In addition, PETScallows di�erent numbers of rows in di�erent blocks, which can cause more runtime overhead than�xed-size blocks.2.2 Prefetching in Irregular LoopsTraditionally, prefetching was considered to be a technique for hiding latency, in the sense thatprefetching can prevent memory access latency from degrading performance, as long as memorybandwidth is su�cient to keep the processing units busy (See [2], [15], or [14], for example). Inmany codes, for example dense matrix multiplication, the ratio of 
oating-point to load instructionsis high. This high ratio allows the algorithm to hide the latency of cache misses by prefetchingcache lines early. The fact that the load/store unit is stalled for many cycles is negligible, becausethere are only few load instruction relative to 
oating-point instructions.In matrix-vector multiplication, especially with sparse matrices, the ratio of 
oating-point toload instructions is low, below one. The memory bandwidth that is required to keep the processingunits is, therefore, high. Since most computers do not have su�cient memory bandwidth, loadingdata from memory becomes the bottleneck that determines performance in this computation. Itis not important here whether the load/store unit stalls early (with prefetching) or late (without),since it is needed all the time.We can still use prefetching, not to hide latency, but to improve memory bandwidth. As faras we know, this use of prefetching is novel. In particular, we use prefetching to prevent multipleload/store units from stalling on the same cache line. Since most of the cache misses are generatedby accesses to two vectors that are accessed in a stride-1 loop, multiple load/store units can misson the same cache line. One unit misses on the �rst word in a line and stalls. The second unit triesto load the next word in the vector and stalls too. This can happen even though two vectors areaccessed, if the second unit loads a word in cache from the second vector and then misses on the�rst. When two units stall on the same line, the e�ective memory-to-cache and cache-to-registerbandwidths are reduced. It is possible to avoid this bandwidth reduction using prefetching.Our strategy is to prefetch elements of a and colind before they are used. The prefetchinginstruction always misses and stalls one of the load/store units. The other unit, however, continueswithout stalling as long as there are no cache misses on x and y, which are rare once the matrixhas been reordered. The details are quite complicated, however, and they are explain in Section 3.Since we use prefetching in order to prevent multiple load/store units to stall on the same cache5



line, this optimization is likely to have a bene�cial e�ect on other RISC processors as well thathave multiple load/store units.2.3 Eliminating Integer to Pointer ConversionsThe expression x(colind(jp)) is compiled into an instruction that loads colind(jp) into a reg-ister and at least two more instruction that load x(colind(jp)). Colind(jp) can be loaded inone instruction since colind is accessed in a stride-1 loop, so an instruction that loads it andincrements the pointer to colind(jp) by the size of one integer. Loading x(colind(jp)) requirestwo instruction because the instruction that loads a word with a given o�set from the beginning ofx requires a byte o�set, not a word o�set. Colind(jp) must therefore be multiplied by the size ofa word in bytes to yield a byte o�set.The multiplication is done by an arithmetic shift instruction that executes in one cycle on oneof the integer ALU's. On processors where the integer ALU's also compute the addresses for loadinstructions, such as the POWER2 processor and Digital's Alpha 21164, this extra integer integerinstruction places additional overhead on the integer ALU's which are already overloaded with loadinstructions.We therefore perform a preprocessing phase in which we replace the integer indices with pointersto elements of x. We show below that this optimization alone can improve performance by as muchas 38%.This optimization amounts to moving a transformation of the column-indices vector out ofthe loop that multiplies a vector by the matrix several times. This optimization can, in principleat least, be performed by a compiler that is capable of interprocedural analysis. Such compileroptimization may be possible only if the iterative algorithm and the matrix-vector multiplicationkernel are compiled at the same time. It also requires the compiler either to recognize that thecolumn indices are not used elsewhere and can be overwritten by pointers, or to allocate a largetemporary array to store the pointers.On processors with a dedicated virtual-address adder, such as Sun's UltraSparc, this optimiza-tion is likely to have no e�ect at all because the load and shift instructions do not compete for thesame functional units. Experiments on an UltraSparc workstation, described in Section 5, verifythat this optimization has no e�ect on the performance of the code on this processor.3 Prefetching in an Irregular LoopTo implement our prefetching strategy we need to perform a prefetch instruction every certainnumber of iterations of the inner loop in Figure 1, or in its blocked counterparts. Cache lines onour target machine contain 32 doublewords or 64 integers. Ideally, we would prefetch one cacheline of a every 32 iterations and one cache line of colind every 64 iterations. A simpler scheme isto prefetch both vectors every 32 iterations. The prefetch in iteration jp would be for a(jp+64)(two cache lines ahead), and the prefetch in iteration jp' = jp+16 would be for colind(jp'+128)(also two cache lines ahead). The constants depend on the cache con�guration, but we will usethese numbers here for illustration.It is di�cult to implement the precise strategy, and even the simpler one, without introducingextra overhead into the inner loop. The problem is that the number of iterations that the innerloop performs depends on the length of row i, which may be di�erent for di�erent rows. Sortingrows by length is not a viable option because it con
icts with ordering rows and columns for data6



locality. Padding rows with zeros so that their length is divisible by 16 is also not a attractivebecause computing on these padding zeros can constitute a signi�cant overhead for very sparsematrices.We therefore use an approximation. The main idea is to unroll the inner loop say 32 times, toplace one prefetching instruction for a before the �rst unrolled instance and another for colindafter 16 instances. If rows are very long, this would implement our simple prefetching strategy.This approximation does not implement our strategy of prefetching every 16 iterations when rowsare short. If the row ends shortly after a prefetch for a the prefetching in the beginning of the nextrow usually stalls the second load/store unit on the same cache line. When rows are shorter than 16elements, colind is not prefetched. Nevertheless, our experiments shown in Section 5 demonstratethat the technique is e�ective.To preserve the semantics of the original loop, we compare jp to rowptr(i+1) after everyunrolled instance and skip the rest of the instances if jp is greater. This ensures that we do notstep beyond the end of a sparse row due to the unrolling.Even this approximate prefetching is di�cult to implement in a high-level language like C orFortran. The di�culty revolves around the need to compare jp to rowptr(i+1) and conditionallybranch without slowing down the iterations. Our solution is to compile the algorithm, which iswritten in C, into assembly language, modify the assembly language, and compile it into objectcode. We perform the unrolling, the insertion of prefetching instructions, and the conditionalbranching in assembly language. Working in assembly language allows us to exploit the branch-on-counter instruction and unroll this irregular loop without any overhead. We have been able toperform these modi�cations in assembley language in about one day on both and IBM POWER2workstation and on a Sun UltraSparc workstation.4 Hardware-Assisted PrefetchingWe propose a simple hardware-assisted prefetching mechanism that can handle prefetching inboth regular and irregular loops. We propose two new instructions called prefetch-start andprefetch-stop. Both instructions serve as hints to the processors, just like regular prefetch in-structions, and both take one argument, the name r of an integer register. The prefetch-startinstruction indicates to the processor that the register r serves as a pointer in a stride-1 loop.Therefore, the hardware should attempt to prefetch cache lines that are ahead of the current valueof r. The prefetch-stop instruction indicates that the register r is no longer used as a pointer ina loop, and that prefetching based on its content should stop. Prefetching in iteration structuresmore complex than stride-1 loops can perhaps be supported by variants of the prefetch-startinstruction.One possible implementation is to generate a signal when an addition to r generates a carryfrom bit k to bit k + 1 in r, where cache lines are 2k bytes wide. This signal is then used totriger prefetching for a cache line ahead of the current value of r. This scheme ensures that theprefetching signal is generated when a small increment (at most a cache line) to r causes it to pointto a new cache line.This form of hardware assisted prefetching has several advantages over regular prefetchinginstructions that are inserted by the compiler or even by hand. Hardware-assisted prefetchingworks equally well in regular and irregular loops, because it eliminates the need to prefetch every�xed number of inner iterations. Hardware-assisted prefetching enables precise prefetching using asingle binary even when that binary is executed on machines with several cache con�gurations. For7



example, machines with IBM POWER2 processors come in at least 3 primary cache con�gurationsrequiring di�erent prefetching rates because they have di�erent cache-line sizes.5 Experimental ResultsIn this section we present the results of the extensive experiments we carried out in order to assessthe e�ectiveness of our strategy. Most of the experiments were carried out on a superscalar IBMRS/6000 workstation. We repeated some of the experiments on a Sun UltraSparc workstation inorder to determine how portable are the techniques. We believe that most of our �ndings wouldalso apply to other RISC processors.5.1 Experimental PlatformThe experiments were carried out on an RS/6000 workstation with a 66.5 Mhz POWER2 proces-sor [19], a 256 Kbytes 4-way set-associative data cache, a 256-bit wide memory bus and 512 Mbytesof main memory. The POWER2 processor has 32 architected and 54 physical 
oating-point reg-isters, two 
oating-point units, two integer units that also serve as load-store units, and a branchunit. The 
oating-point units are each capable of executing one multiply-add instruction in everycycle for a peak performance of 266 million 
oating-point operations per second (M
ops). Fordata in the cache, the integer units are each capable of loading or storing in one cycle one integerregister, one 
oating-point register, or even two 
oating-point registers using a so-called quad-loador quad-store instruction. The cache is capable of servicing hits under a miss, so that one integerunit can continue to load and store data to and from the cache while the other is waiting for a cachemiss to be completed. The separate branch unit enables the processor to perform many branchinstructions without stalling the other execution units at all. These so-called zero-cycle branchesinclude virtually all unconditional branches and branch-on-counter, the kind of branch instructionused in the innermost loop of a set nested Fortran do loops.To put the results in perspective, we note that on this machine the dense matrix-multiplicationsubroutine (DGEMM) in IBM's Engineering and Scienti�c Subroutine Library (ESSL) achieveperformance of about 250 M
ops when applied to square matrices that do not �t in the cache. Theperformance of ESSL's dense matrix-vector multiplication subroutine (DGEMV) on this machineis about 170 M
ops when applied to large matrices.The performance of the algorithms was assessed using measurements of both running time andcache misses. Time was measured using the machines real-time clock, which has a resolution of onecycle. The number of cache misses was measured using the POWER2 performance monitor [18].The performance monitor is a hardware subsystem in the processor capable of counting cache missesand other processor events. Both the real-time clock and the performance monitor are oblivious totime sharing. To minimize the risk that measurements are in
uenced by other processes, we ranthe experiments when no other users used the machine (but it was connected to the network). Welater veri�ed that the measurements are valid by comparing the real-time-clock measurements withthe user time reported by the getrusage system call on an experiment by experiment basis. Allmeasurements reported here (except ordering and blocking times) are based on an average of 10executions.We coded most of the algorithms in C and compiled them using IBM's xlc C compiler ver-sion 1.3. We used compiler options -O3 and -qarch=pwr2 which cause the compiler to optimize thecode and to utilize instructions speci�c to the POWER2 processor, most importantly quad-loads.8



Matrix Dimension Nonzeros Source Modelbcsstk32 44609 2014701 Boeing Model of an automobile chassismsc10848 10848 1229778 Boeing Test ma-trix KNUCKLEF8.OUT2 fromMSC/NASTRANmsc23052 23052 1154814 Boeing Test matrix SHOCKF8.OUT2from MSC/NASTRANct20stif 52329 2698463 Boeing CT20 engine blockcrystk02 13965 968583 Boeing FEM crystal free vibrationcrystk03 24696 1751178 Boeing FEM crystal free vibrationbcsstk35 30237 1450163 Boeing Automobile seat frame and bodyattachmentbcsstk36 23052 1143140 Boeing Automobile shock absorberassemblybcsstk37 25503 1140977 Boeing Track ballcojack 188384 875446 NasGraph Cooling water jacket of a BMWenginehsctl 31736 253816 NasGraph Large model of a high speed civiltransportpwt 36519 253069 NasGraph Unstructured gridrock1 133904 214086 NasGraph Large model of a rockTable 1: The characteristics of the test-suite matrices. The Boeing matrices are all sti�ness struc-tural engineering matrices from Roger Grimes of Boeing, and the NasGraph matrices are from the1994 partitioning benchmarks of NASA's Numerical Aerodynamics Simulations Department.Under these optimization options, the compiler unrolls the inner loop so that it usually containsfour multiply-adds. We implemented prefetching by modifying the compilers assembly-languageoutput. Speci�cally, we unrolled the inner loops further by hand by a factor of 8 and placed oneprefetching instruction in the beginning of this unrolled loop for an element of a and another inthe middle of the loop, after 16 multiply-adds, for an element of the pointer vector colind.5.2 Methodology and Test MatricesThe algorithms were tested on a suite of 13 sparse symmetric sti�ness matrices. Nine of the ma-trices are structural engineering matrices from Boeing, which were donated by Roger Grimes tothe Harwell-Boeing matrix collection or to Tim Davis's matrix collection. The four other matri-ces are from the 1994 partitioning benchmarks of NASA's Numerical Aerodynamics SimulationsDepartment. The characteristics of the test matrices are described in Table 1. We use structurally-symmetric matrices from two sources. Matrices that were contributed by Roger Grimes of Boeingrepresent 3-dimensional with several degrees of freedom (variables) per grid point, typically at least3. They seem to have been ordered using a band or pro�le ordeing algorithm applied to the originalgrid, so all the degrees of freedom associated with a single grid point remain contiguous. Matricesfrom the NasGraph collection also represent 3-dimensional models, but they only have one degreeof freedom per grid point. As a consequence, they are sparser and do not have contiguous denseblocks. We do not how they were ordered before they were placed in the matrix collection.For each matrix, we measured the performance of all combinations of ten di�erent matrix-vector multiplication codes and �ve di�erent orderings. The ten codes are described in Table 2.The �ve orderings are random ordering, a nested-dissection-type ordering (denoted by WGPP),reverse Cuthill-McKee (RCM), Cuthill-McKee (CM), and the original ordering of the matrix as9



No. Mnemonic Language Indices Blocking Prefetching1 C-I-1x1-N C Integers No No2 C-P-1x1-N C Pointers No No3 A-P-1x1-N Assembly Pointers No No4 A-P-1x1-P Assembly Pointers No Yes5 C-P-1x2-N C Pointers 1-by-2 No6 A-P-1x2-N Assembly Pointers 1-by-2 No7 A-P-1x2-P Assembly Pointers 1-by-2 Yes8 C-P-2x2-N C Pointers 2-by-2 and 1-by-2 No9 A-P-2x2-N Assembly Pointers 2-by-2 and 1-by-2 No10 A-P-2x2-P Assembly Pointers 2-by-2 and 1-by-2 YesTable 2: The characteristics of the matrix-vector multiplication codes.stored in the matrix collection. The WGPP ordering code was written by Anshul Gupta [10, 11].In each experiment we measured the running time of the matrix-vector multiplication code,the number of load instructions of various kinds it performed, and the number of cache and TLBmisses. Each measurement is an average over 10 multiplications. The �rst 10 multiplications werenot used at all to eliminate in
uences of cold starts that are usually not signi�cant in iterativealgorithms. All the matrices were too large to remain in the cache between multiplications. Sincethe cache can hold 32; 768 doublewords, in some of the experiments the vector x could �t withinthe cache and remain there between multiplications.To assess the cost of reordering and blocking the matrices relative to the potential bene�ts, werecorded the running time of the ordering and blocking algorithm that we used to preprocess thematrices. These measurements are of single runs.5.3 The E�ect of Blocking and PrefetchingFigure 2 shows the performance of the ten codes. The matrices are all ordered in the originalordering from the matrix collections, which proved to be the best or close to best ordering for all ofthem (see below for more details on the e�ect of ordering). The most striking feature that emergesfrom the �gure is that the behavior of the nine Boeing matrices is very di�erent from the behaviorof the four NasGraph matrices. The di�erence is mostly due to di�erences in the sparseness of thematrices and it is explored below in more detail.Each one of the algorithmic improvements that we have introduced boosts performance on theBoeing matrices. Replacing integer indices by pointers increases performance from about 40 M
opsto about 52{55 M
ops. With no blocking, the extra unrolling in the assembly-language codeimproves performance by 5{6 additional M
ops. Prefetching improves performance by another 5{6M
ops. With blocking, there is essentially no di�erence between C and assembly-language versions.The 1-by-2 blocking with no prefetching improves performance to 70{77 M
ops, and prefetchingcombined with 1-by-2 blocking boosts performance to 78-98 M
ops. The 2-by-2 blocking with noprefetching gives similar performance. Finally, 2-by-2 blocking combined with prefetching yieldsperformance of 93{104 M
ops.On the NasGraph matrices, using pointers, unrolling, and prefetching all help, but blockingdoes not improve performance. In fact, in most cases blocking degrades performance. On thesematrices, the best performing code yields performance of only 23{39 M
ops, and the di�erencesbetween the di�erent codes are smaller than the di�erences on the Boeing matrices. Since theNasGraph matrices are much sparser than the Boeing matrices, blocking the multiplication code10



bcsstk32

msc10848

msc23052

ct20stif

crystk02

crystk03

bcsstk35

bcsstk36

bcsstk37

cojack

hsctl
pwt

rock1

0

10

20

30

40

50

60

70

80

90

100

110

M
fl

op
s

1-by-1 Blocking 1-by-2 Blocking 2-by-2 Blocking

Figure 2: The performance in millions of 
oating-point operations per second (M
ops) of the sparsematrix-vector multiplication codes. The performance on each test matrix is represented by 10 bars,one for each code. The 10 bars are organized into three groups, one for 1-by-1 blocking (i.e., noblocking), one for 1-by-2 blocking, and one for 2-by-2 and 1-by-2 blocking. Each group is representedby a di�erent shade of gray. The leftmost bar with no blocking represents the performance of Ccode with integer indices. The next three bars, as well as the three bars in the other two groups,represent the performance of C code with pointer indices, assembly language code with pointerindices, and assembly language code with pointer indices and prefetching. The original orderingsof the matrices in the matrix collections are used.
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Figure 3: A scatter plot of the percentage speedup in running time due to blocking and prefetchingversus the average density of the matrix. Each mark represents one matrix, with Boeing matricesrepresented by +'s, and NasGraph matrices by �'s. The speedup is computed as (T1 � T2)=T1,where T1 is the running time with no blocking and no prefetching, and T2 the running time withblocking and prefetching. The original ordering of the matrices is used.11



introduces overhead without delivering a signi�cant bene�t. Figure 3 shows the correlation betweenthe sparseness of the matrices and the bene�t that blocking and prefetching yields. The most likelyreason that the NasGraph matrices do not bene�t from blocking is that they represent models withonly one degree of freedom per grid point. As a consequece, the underlying graphs have only fewcliques, so the number of dense blocks is small no matter how the matrices are ordered.5.4 The E�ect of OrderingFigure 4 shows the e�ect of reordering matrices on the matrix-vector multiplication codes. Inall cases the performance on ordered matrices is better than on randomly permuted matrices.The di�erences are especially large on large matrices, such as bcsstk32, ct20stif, cojack, and rock1.Figure 5 shows the correlation between the order of the matrix and the improvement in performancedue to ordering. Since the plot indicates that the Boeing matrices bene�t more from ordering thanthe NasGraph matrices, we conclude that the bene�t of ordering depends on both the order of thematrix and on its density.Without blocking, the various ordering methods yield roughly the same performance. Thislevel of the performance is similar to the level that is achieved by the original ordering of the testmatrices. When blocking is used, the performance on the NasGraph matrices degrades slightly,but the performance on the Boeing matrices improves. With blocking, di�erent ordering methodsyield di�erent performance levels. The random ordering is still always worst, followed by the RCMordering, by the WGPP ordering, the CM ordering, and �nally the original ordering.Figure 6 explains the variations in the performance of the blocked codes with various orderingmethods. We analyze mostly the denser Boeing matrices, because the performance impact ofblocking on the sparser NasGraph matrices is marginal. The �gure shows that the random andreverse-Cuthill-McKee orderings result in matrices with no or very few 2-by-2 and 1-by-2 blocks.Therefore, using a blocked code with a randomly permuted matrix or a matrix which has beenRCM ordered does not improve performance. The WGPP ordering creates more blocks. In theBoeing matrices, 44{70% of the nonzeros are in blocks. Usually most of them are in the smaller1-by-2 blocks. The Cuthill-McKee orderings results in many more nonzeros in blocks, between 73and 97%. The fraction that is in 2-by-2 blocks is better than with the WGPP ordering, but it isstill sometimes less than one half. In the original ordering, even more nonzeros are in blocks, andthe vast majority of them are in 2-by-2 blocks.The di�erences between the fractions of nonzero blocked in the di�erent orderings can be tracedto several factors. The original ordering yields better blocking than all the other orderings probablysince it was applied to grid points rather than individual degrees of freedom (variables). Conse-quently, dense blocks in the matrix that was produced by the grid generator remained dense. Sincewe applied the other orderings to the matrices, some of these dense blocks disappeared. The di�er-ences between the Cuthill-McKee and the reverse-Cuthill-McKee may be due to the fact that ourblocking algorithm is greedy and scans the matrix from top to botton and from left to right withinrows.5.5 The Cost of Reordering and BlockingFigure 7 shows the time it takes to reorder the randomly permuted test matrices. The time is shownrelative to the basic matrix-vector multiplication time (C-I-1x1-N) with a randomly permutedmatrix. The Cuthill-McKee and reverse Cuthill-McKee orderings take a factor of between 1 and 3more than matrix-vector multiplication. They are well worth their cost. The WGPP ordering costs12
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Prefetching, 2-by-2 BlockingFigure 4: The performance in M
ops of four assembly-language matrix-vector multiplication codes.The top two depict the performance with no blocking and the bottom two with both 2-by-2 and1-by-2 blocking. The graphs on the left do not use prefetching, the graphs on the right do. Eachgraph shows the performance on each matrix, using �ve di�erent orderings, represented by di�erentshades of gray.
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Figure 5: A scatter plot of the relative reduction in running time due to ordering versus the orderof the matrix. Each mark represents one matrix, with Boeing matrices represented by +'s, andNasGraph matrices by �'s. The reduction in running time is computed as (T3 � T4)=T3, where T3is the running time with blocking and prefetching using a random ordering, and T4 the runningtime with blocking and prefetching using the original ordering.
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Figure 6: The fraction of matrix nonzeros that is blocked in 2-by-2 and 1-by-2 blocks. The graphshows the fraction of nonzeros in blocks for �ve di�erent orderings of each matrix (the �rst twousually result in very low levels of blocking). The striped portion of each bar represents the fractionof nonzeros in 2-by-2 blocks, and the solid portion the fraction of the remaining nonzeros that areblocked in 1-by-2 blocks. The levels of blocking when only 1-by-2 blocks are used are slightly higherthan the combined levels shown here. 14
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Figure 7: The cost of reordering the matrices (top) and of blocking them (bottom). The cost isshown in terms of time relative to the basic matrix-vector multiplication time with a randomlypermuted ordering of the matrix. The longer blocking times were caused by excessive paging.a factor of between 20 and 200 more than matrix-vector vector multiplication. (This ordering codewas designed as a �ll-reducing mechanism for direct factorizations, which are much more expensivethan single matrix-vector multiplications). It is therefore not appropriate for our application.Figure 7 also shows the time it takes to block the reordered test matrices into 2-by-2 and 1-by-2blocks. The time is shown relative to the basic matrix-vector multiplication time (C-I-1x1-N)with a randomly permuted matrix. The blocking usually costs between 4 and 15 times the costof basic matrix-vector multiplications. The graph shows that in several experiments blocking tooksigni�cantly more time than that; This is caused by paging. The fact that this phenomenon onlyoccurs when blocking follows an ordering step (in which additional memory is allocated), showsthat the problem is indeed paging and memory management.Let us estimate how many matrix-vector multiplications must be performed following a blockingstep to pay for the cost of blocking. We assume that blocking costs 15 times the cost of basicmatrix-vector multiplication, and about 25 times the cost of the best unblocked code (A-P-1x1-Pwith prefetching). We also assume that blocking reduces the matrix-vector multiplication time by15



1=3, which is a conservative estimate for the Boeing matrices. From these assumptions it followsthat if the matrix is used in more than 75 multiplications, blocking would reduce the overall runningtime.5.6 A Comparison to a Direct SolverTo put our results in a broader perspective, we compare them to the performance of a multifrontalsparse direct solver. The solver was written by Anshul Gupta, who provided us with the timingsbelow. Directly solving a linear system Ax = b, where A is our test matrix bcsstk32, with oneright hand side took 15.7 seconds (on the same machine used for the rest of the experiments). Ofthe 15.7 seconds, ordering the matrix took 4.5 seconds, symbolic factorization took 1.5 seconds,numerical factorization took 9.3 seconds, and the triangular solve took 0.36 seconds. The numberof 
oating-point operations in the factorization was 1630 million, giving a computational rate ofabout 175 M
ops for the numerical factorization alone and 104 M
ops for the entire solution.In comparison, our best matrix-vector multiplication code took 0.0433 seconds on the samematrix. The cost of the numerical factorization is therefore equivalent to about 215 matrix-vectormultiplications. The total cost of the direct solution, 15.7 seconds, is equivalent to 1.7 seconds forreordering and blocking plus 323 matrix-vector multiplications.5.7 Portability ExperimentsWe have repeated some of the experiments reported above on another superscalar RISC computer, aSun UltraSparc workstation. The machine has a 143 MHz UltraSparc I processor with a 16 Kbytesdirect-mapped primary data cache, a secondary o�-chip 512 Kbytes cache, a 288-bit-wide memorybus, and 96 Mbytes of memory. The UltraSparc I processor has 32 
oating-point registers andcan issue one 
oating-point multiply and one 
oating-point add per cycle. We used the GNU Ccompiler and used the -O3 and -funroll-loops optimization options (preliminary testing showedthat the GNU C compiler produced faster code than Sun's C compiler).The C language subroutines compiled and ran without a problem. It took about a day toproduce assembly language versions of the routines and to intoduce prefetching into them.Our performance results, which are based on the performance on the msc10848 and msc23052matrices, can be summarized as follows. The basic C version on a randomly permuted matricesran at 10.6{11.4 M
ops. The same version on the original ordering of the matrices ran at 16.5{16.8 M
ops. The relative improvement improvement due to reordering alone is larger than on thePOWER2 machine (for the same matrices), because of the smaller size of the primary cache on theUltraSparc I. Replacing integer indices by pointers did not improve performance, and neither didprefetching. These optimizations did not slow down the algorithm either. Blocking the matricesinto 2-by-2 and 1-by-2 blocks improved performance to 20.8{22.2 M
ops.The integer-to-pointer conversion did not help probably because the UltraSparc I has a dedicatedaddress adder, so address calculations and integer-to-pointer conversions (i.e. shift instructions)do not complete for the same functional units. The most likely reason that prefetching did notimprove performance is that the UltraSparc I has only one load/store unit, whereas the prefetchingtechniques is targeted to prevent multiple units from stalling on the same cache line.The performance improvements that our experiments show verify that our techniques, with thepossible exception of prefetching, are portable and should improve performance on most superscalarRISC machines. While We note that the overall performane level in these experiments, whichmay seem low compared to the peak performance of the processor, is in fact quite similar to the16



performance of similar numrical codes on the UltraSparc. For example, the double-precision dotproduct subroutine in the Fortran BLAS [12], as well as the same subroutine in Sun's PerformanceLibrary, run at less than 20 M
ops on this machine. The main reason for this performance levelseem to be the small primary cache coupled with the short cache lines (16 bytes).6 ConclusionsWe have presented four techniques for accelerating sparse matrix-vector multiplication on super-scalar RISC processors. One of the techniques, precomputing addresses for indirect addressing, istrivial but important. The technique of reordering the matrix to reduce its bandwidth and hence re-duce cache misses has been proposed by Das et al. [7] and investigated further in two papers [6, 16].We have explored it further and found that the Cuthill-McKee yields excellent results on a varietyof matrices. Two other techniques, representing nonzeros in small dense blocks and prefetchingto allow cache hits-under-miss processing are novel (others have proposed to represent nonzeros inlarger blocks [1, 4]). They, too, improve performance signi�cantly on many matrices. On an IBMRS/6000 workstations, the combined e�ect of the four techniques can improve performance fromabout 40 M
ops to over 100 M
ops, depending on the size and sparseness of the matrix.Our techniques, with the exception of prefetching, are portable. The ordering and blockingtechniques should improve performance on most RISC processors, as shown by our experimentsand the experiments of Burgess and Giles [6]. Replacing integers by pointers should improveperformance on RISC machines that use the same functional units for address calculations and forshifts. The code that implements these three techniques is portable. The prefetching techniqueshould improve performance on superscalar RISC processors that have more than one load/storeunit. Our implementation method for this technique can be duplicated on most machines but thetechnique cannot be considered portable.Although even basic matrix-vector multiplication codes perform better when the matrices arenot extremely sparse (< 10 nonzeros per row), highly optimized codes are even more sensitive tothe sparseness of the matrices.Reordering sparse matrices using the Cuthill-McKee ordering has another bene�t in sparse it-erative solvers. When a conjugate gradient solver uses an incomplete Cholesky preconditioner, theordering of the matrix e�ects the convergence rate. Du� and Meurant [8] compared the conver-gence rate of incomplete-Cholesky-preconditioned conjugate gradient with 17 di�erent orderingson 4 model problems. In their tests the Cuthill-McKee and the reverse Cuthill-McKee resultedconvergence rates that were best or close to best. Although it is possible to use di�erent orderingsfor preconditioning and matrix-vector multiplication, doing so requires permuting a vector twice inevery iteration. This extra step renders each iteration more expensive. Using a Cuthill-McKee orsimilar ordering for both steps eliminates the need to permute vectors in every iteration, it leadsto few cache misses in the matrix-vector multiplication step (and very likely in the preconditioningstep as well), it enables blocking, and it accelerates convergence.Our proposed hardware-assisted prefetching can eliminate the somewhat complicated codingtechnique that we used to implement prefetching in the irregular loop over the sparse rows ofthe matrix. Mowry [14] compared compiler-based sofware-directed prefetching to prefetching byhardware with no software intervention, as proposed by Lee [13], Porter�eld [15], and Baer andChen [3]. Our proposal lies somewhere in-between the two extremes. Our proposal enjoys very littleinstuction overhead, since the prefetching instructions are outside, rather than inside, the inner loop.Our proposal does not su�er from excessive memory contention overheads, because prefetching is17
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