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Dirac-Kohn-Sham equation

𝑐𝜶 ⋅ Ԧ𝑝 + 𝜶 ⋅ Ԧ𝐴 + 𝑐2𝜷′ − 𝑉nuc𝟏 + 𝑉𝐶𝟏 + 𝑽4×4
ex + 𝑽4×4

xc 𝝋𝑖 = 𝜀𝑖𝝋𝑖

Ԧ𝛼 = 0 Ԧ𝜎
Ԧ𝜎 0

𝛽′ =
0 0
0 −2

𝑽4×4
xc [𝜌0, Ԧ𝜌] =

𝑽2×2
LL 0

0 𝑽2×2
SS
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Pauli current density

𝑖 ሶ𝜑𝑖 =
Ԧ𝜎 ⋅ 𝜋 2

2
+ 𝑉2×2 𝜑𝑖

−𝑖 ሶ𝜑𝑖
† =

Ԧ𝜎 ⋅ 𝜋 2

2
𝜑𝑖

†

+ 𝜑𝑖
†𝑉2×2

Ԧ𝑗 = −Im 𝜑𝑖
†𝛻𝜑𝑖 −

1

2
𝛻 × Ԧ𝜌 −

1

𝑐
Ԧ𝐴𝜌0

𝜋 = Ԧ𝑝 + 1
𝑐
Ԧ𝐴

𝑞
ሶ

𝜑𝑖
†𝜑𝑖 = 𝑞 𝜑𝑖

† ሶ𝜑𝑖 + ሶ𝜑𝑖
†𝜑𝑖 = ⋯ = −

𝑞

2
𝛻 ⋅ 𝜑𝑖

† Ԧ𝑝 𝜑𝑖 − Ԧ𝑝 𝜑𝑖
† 𝜑𝑖 + 𝑖 Ԧ𝑝 × Ԧ𝜌

Continuity equation:

Pauli current density in the presence of magnetic fields:

Time-dependent 
Kohn-Sham equation:

𝑞 ሶ𝜌0 = −𝛻 ⋅ Ԧ𝑗

orbital spin (Pauli) magnetic



Four-component current density within DFT

𝑖 ሶ𝜑𝑖 = 𝑐 Ԧ𝛼 ⋅ Ԧ𝑝 + Ԧ𝛼 ⋅ Ԧ𝐴 + 𝑐2𝛽 + 𝑉4×4 𝜑𝑖

−𝑖 ሶ𝜑𝑖
† = 𝑐 Ԧ𝛼 ⋅ Ԧ𝑝 𝜑𝑖

† + 𝜑𝑖
† Ԧ𝛼 ⋅ Ԧ𝐴 + 𝑐2𝜑𝑖

†𝛽 + 𝜑𝑖
†𝑉4×4

𝑞
ሶ

𝜑𝑖
†𝜑𝑖 = ⋯ = −𝑞𝛻𝑗 𝜑𝑖

†𝑐𝛼𝑗 𝜑𝑖

Four-component electron current density: Ԧ𝑗 = −𝜑𝑖
†𝑐 Ԧ𝛼𝜑𝑖

Time-dependent Dirac-Kohn-Sham equation:

Continuity equation: 𝑞 ሶ𝜌0 = −𝛻 ⋅ Ԧ𝑗

Ԧ𝛼 = 0 Ԧ𝜎
Ԧ𝜎 0

𝛽 =
1 0
0 −1

𝜑𝑚𝑖 = X𝑚,𝑛𝜂
RMB−GIAO𝐶𝑛𝜂,𝑖

0

X𝑚,𝑛𝜂
RMB−GIAO =

1 0

0 1
2𝑐 Ԧ𝜎 ⋅ Ԧ𝑝 + 1

𝑐
Ԧ𝐴

𝑚𝑛

𝜔𝜂(𝐵) 𝜒𝜂
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Gordon decomposition

Ԧ𝑗 = −Im 𝜑𝑖
†𝛻𝜑𝑖 −

1

2
𝛻 × Ԧ𝜌 −

1

𝑐
Ԧ𝐴𝜌0Pauli (non-relativistic) current density:

Four-component current density: Ԧ𝑗 = −𝜑𝑖
†𝑐 Ԧ𝛼𝜑𝑖

Gordon decomposition of
four-component current density: Ԧ𝑗 = −Im 𝜑𝑖

†𝛻𝛽𝜑𝑖 −
1

2
𝛻 × Ԧ𝜌𝐺 −

1

𝑐
Ԧ𝐴𝜌0

𝐺

Ԧ𝜌𝐺 = 𝜑𝑖
†Σ𝛽𝜑𝑖𝜌0

𝐺 = 𝜑𝑖
†𝛽𝜑𝑖

Ԧ𝜌 = 𝜑𝑖
† Ԧ𝜎𝜑𝑖𝜌0 = 𝜑𝑖

†𝜑𝑖

Σ = Ԧ𝜎 0
0 Ԧ𝜎

𝑐 Ԧ𝛼 ⋅ Ԧ𝑝 + Ԧ𝛼 ⋅ Ԧ𝐴 + 𝑐2𝛽 + 𝑉4×4 𝜑𝑖 = 𝜀𝑖𝜑𝑖

Time-independent Dirac-Kohn-Sham equation:

𝜑𝑖 =
1

𝑐2
β 𝜀𝑖 − 𝑐 Ԧ𝛼 ⋅ Ԧ𝑝 + Ԧ𝛼 ⋅ Ԧ𝐴 + 𝑉4×4 𝜑𝑖

Ԧ𝛼 = 0 Ԧ𝜎
Ԧ𝜎 0

𝛽 =
1 0
0 −1



Calculation of magnetic properties

𝐸 = 𝜑𝑖 𝑐 Ԧ𝛼 ⋅ Ԧ𝑝 + Ԧ𝛼 ⋅ Ԧ𝐴(𝜆) + 𝑐2𝛽 𝜑𝑖 + 𝐸2e

𝑔𝑢𝑣 = ቤ4𝑐
𝑑𝐸(𝐽𝑣)

𝑑𝐵𝑢 0

= −4න Ԧ𝑗0(𝐽𝑣) ⋅ อ
𝑑 Ԧ𝐴

𝑑𝐵𝑢
0

dV

Energy within Dirac-Kohn-Sham theory:

𝑑𝐸

𝑑𝜆
= න𝜑𝑖

† Ԧ𝛼𝜑𝑖 ⋅
𝑑 Ԧ𝐴

𝑑𝜆
dV

Ԧ𝑗 = −𝜑𝑖
†𝑐 Ԧ𝛼𝜑𝑖Four-component current density:

𝜎𝑢𝑣
𝑀 = ቤ

𝑑𝐸
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0

= −
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𝑐
න ቤ

𝑑Ԧ𝑗

𝑑𝐵𝑢 0

⋅ อ
𝑑 Ԧ𝐴

𝑑𝜇𝑣
𝑀

0

dV

EPR g-tensor:

NMR shielding tensor: Ԧ𝐴𝑀 =
Ԧ𝜇𝑀 × Ԧ𝑟𝑀

𝑟𝑀
3

Ԧ𝐴𝐵 =
1

2
𝐵 × Ԧ𝑟𝐺

𝜆 = 𝐵𝑢, 𝜇𝑢
𝑀

= −
1

𝑐
න Ԧ𝑗 ⋅

𝑑 Ԧ𝐴

𝑑𝜆
dV

Ԧ𝑗 = −Im 𝜑𝑖
†𝛻𝛽𝜑𝑖 −

1

2
𝛻 × Ԧ𝜌𝐺 −

1

𝑐
Ԧ𝐴𝜌0

𝐺



Heavy-Atom-Light-Atom effect

HALA
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Typical 1H NMR in organic compounds
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Current density induced by an external uniform magnetic field
Dirac-Kohn-Sham calculation DKS calculation without spin-orbit difference

AuH

HgH2



Heavy-Atom-Light-Atom effect

𝜎𝑧𝑣
SO,𝑀 = −

1

𝑐
න Ԧ𝑗SO,𝐵𝑧 ⋅ อ

𝑑 Ԧ𝐴

𝑑𝜇𝑣
𝑀

0

dV = −
1

𝑐
න

Ԧ𝑟𝑀

𝑟𝑀
3 × Ԧ𝑗SO,𝐵𝑧

𝑣

dV

NMR shielding tensor: Ԧ𝑟𝑀 = Ԧ𝑟 − 𝑅𝑀

spin-orbit induced current

Ԧ𝑗SO,𝐵𝑧 = ∓ Ԧ𝑧 × 𝑓 𝑟𝑀 Ԧ𝑟𝑀

𝜎𝑧𝑧
SO,𝑀 = ±

1

𝑐
න Ԧ𝑧

Ԧ𝑟𝑀

𝑟𝑀
3 ⋅ 𝑓 𝑟𝑀 Ԧ𝑟𝑀 − 𝑓 𝑟𝑀 Ԧ𝑟𝑀

Ԧ𝑟𝑀

𝑟𝑀
3 ⋅ Ԧ𝑧

𝑧

dV

Model of circular current centred on 𝑅𝑀:

𝑓 𝑟𝑀 > 0 AuH

HgH2

= ±
1

𝑐
න
𝑓 𝑟𝑀
𝑟𝑀

dV

Clockwise: − Ԧ𝑧 × 𝑓 𝑟𝑀 Ԧ𝑟𝑀 to shielding 𝜎𝑧𝑧
SO,𝑀 > 0

Anti-clockwise: + Ԧ𝑧 × 𝑓 𝑟𝑀 Ԧ𝑟𝑀 to deshielding 𝜎𝑧𝑧
SO,𝑀 < 0



Magnetically and spin-orbit induced spin-density
spin-orbit induced current

Ԧ𝑗 = −Im 𝜑𝑖
†𝛻𝛽𝜑𝑖 −

1

2
𝛻 × Ԧ𝜌𝐺 −

1

𝑐
Ԧ𝐴𝜌0

𝐺

Ԧ𝑗SO,𝐵𝑧 = −
1

2
𝛻 × Ԧ𝜌SO,𝐵𝑧

𝜎𝑧𝑧
SO,𝑀 = −
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𝑐
න

Ԧ𝑟𝑀

𝑟𝑀
3 × Ԧ𝑗SO,𝐵𝑧

𝑧

dV =
8𝜋

6𝑐
𝜌𝑧
SO,𝐵𝑧 𝑀 +⋯

Only spin-current has nonzero linear SO contribution: AuH

Ԧ𝜌SO,𝐵𝑧 = 𝑓 𝑟𝑀 Ԧ𝑧

Model of spin-density with only z-component nonzero:

𝑓 𝑟𝑀 > 0

magnetically induced spin-density

max 𝑓 = 𝑓 𝑅𝑀

Ԧ𝑗SO,𝐵𝑧 = −
1

2
𝛻 × 𝑓 𝑟𝑀 Ԧ𝑧

= −
𝑓′ 𝑟𝑀
2𝑟𝑀

Ԧ𝑧 × Ԧ𝑟𝑀

Ԧ𝜌SO,𝐵𝑧 (Ԧ𝑟𝑀)

Non-spherical part of
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Trends across the periodic table
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𝜎𝑢𝑢
SO/FC∆

𝐿 ≈ −
1

𝑐4
෍

𝑖=1

occ

෍

𝑗=1

occ

෍

𝑎=1

vac
𝜑𝑎 𝑟𝑀

−3𝐿𝑢
𝑀 𝜑𝑖 𝜑𝑖 𝛿(𝐿) 𝜑𝑗 𝜑𝑗 𝐿𝑢

𝑀 𝜑𝑎

(𝜀𝑖 − 𝜀𝑎)(𝜀𝑗 − 𝜀𝑎)
+ ⋯

The dominant relativistic contribution is the coupling 
between SO/FC/OZ

+ + +

+…

L M M

M

LP∗=

𝜎 =

- + +
L M M

𝜎∗=

+…
M

LP =

MH X

𝜑𝑖 𝜑𝑗

𝜑𝑎

𝛿(𝐿)

𝐿𝑢
𝑀𝑟𝑀

−3𝐿𝑢
𝑀

𝜎 𝜎

LP∗

𝛿(𝐿)

𝐿𝑢
𝑀𝑟𝑀

−3𝐿𝑢
𝑀

−

sgn 𝜑𝑖 𝐿𝑢
𝑀 𝜑𝑎 = sgn 𝜑𝑖 𝑟𝑀

−3𝐿𝑢
𝑀 𝜑𝑎

𝜀𝑖 − 𝜀𝑎 𝜀𝑗 − 𝜀𝑎 > 0

𝜑𝑎 𝑟𝑀
−3𝐿𝑢

𝑀 𝜑𝑖 𝜑𝑗 𝐿𝑢
𝑀 𝜑𝑎 > 0



Two border cases

𝜎SO < 0

𝛿SO > 0

𝜎SO > 0

𝛿SO < 0
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Trends across the periodic table
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Ԧ𝜌SO,𝐵𝑧

Ԧ𝜌SO,𝐵𝑥 Ԧ𝜌SO,𝐵𝑦

𝑥

𝑦

Ԧ𝑗SO,𝐵𝑧

Competing case of both occupied and unoccupied valence orbitals

H2Po

𝜎𝑧𝑧
SO,𝑀~𝜌𝑧

SO,𝐵𝑧 𝑀

𝜎𝑦𝑦
SO,𝑀~𝜌𝑦

SO,𝐵𝑦
𝑀

𝜎𝑥𝑥
SO,𝑀~𝜌𝑥

SO,𝐵𝑥 𝑀



Partially occupied heavy atom valence shells

induce relativistic shielding at the light atom nuclei,

while empty heavy atom valence shells

induce relativistic deshielding.
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